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CRYSTAL BASES FOR QUANTUM GENERALIZED
KAC-MOODY ALGEBRAS
KYEONGHOON JEONG⋄, SEOK-JIN KANG∗, MASAKI KASHIWARA†
Abstract. In this paper, we develop the crystal basis theory for quantum gener-
alized Kac-Moody algebras. For a quantum generalized Kac-Moody algebra Uq(g),
we first introduce the category Oint of Uq(g)-modules and prove its semisimplic-
ity. Next, we define the notion of crystal bases for Uq(g)-modules in the category
Oint and for the subalgebra U
−
q (g). We then prove the tensor product rule and
the existence theorem for crystal bases. Finally, we construct the global bases for
Uq(g)-modules in the category Oint and for the subalgebra U
−
q (g).
Introduction
The quantum groups, introduced independently by Drinfel’d and Jimbo, are cer-
tain families of Hopf algebras that are deformations of universal enveloping algebras
of Kac-Moody algebras [5, 7]. More precisely, let g be a symmetrizable Kac-Moody
algebra and let U(g) be its universal enveloping algebra. Then, for each generic
parameter q, we can associate a Hopf algebra Uq(g), called the quantum group,
whose structure tends to that of U(g) as q approaches 1. In [12], Lusztig showed
that the integrable highest weight modules over U(g) can be deformed to those over
Uq(g) in such a way that the dimensions of weight spaces are invariant under the
deformation.
In [9, 10], Kashiwara developed the crystal basis theory for the quantum groups
associated with symmetrizable Kac-Moody algebras. (In [13], a more geometric
approach was developed by Lusztig, which is called the canonical basis theory.) The
⋄This research was supported by KOSEF Grant # 98-0701-01-5-L.
∗This research was supported by KOSEF Grant # 98-0701-01-5-L and the Young Scientist
Award, Korean Academy of Science and Technology.
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Japan Society for the Promotion of Science.
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crystal bases can be understood as bases at q = 0 and they are given a structure of
colored oriented graphs, called the crystal graphs. The crystal graphs have many nice
combinatorial features reflecting the internal structure of integrable modules over
quantum groups. In particular, they have extremely simple behavior with respect
to taking the tensor product. Thus the crystal basis theory provides us with a very
powerful combinatorial tool to investigate the structure of integrable modules over
quantum groups.
On the other hand, in his study of Monstrous moonshine, Borcherds introduced a
new class of infinite dimensional Lie algebras called the generalized Kac-Moody alge-
bras [2, 3]. The structure and the representation theory of generalized Kac-Moody
algebras are very similar to those of Kac-Moody algebras, and many basic facts
about Kac-Moody algebras can be extended to generalized Kac-Moody algebras.
But there are some differences, too. For example, generalized Kac-Moody algebras
may have imaginary simple roots with norms ≤ 0 whose multiplicity can be greater
than one. Also, they may have infinitely many simple roots.
In [8], Kang constructed the quantum groups Uq(g) associated with generalized
Kac-Moody algebras g. For simplicity, we will call Uq(g) the quantum generalized
Kac-Moody algebras. Moreover, he showed that, for a generic q, Verma modules
and irreducible highest weight modules over U(g) with dominant integral highest
weights can be deformed to those over Uq(g) in such a way that the dimensions of
weight spaces are invariant under the deformation. These results were extended to
generalized Kac-Moody superalgebras by Benkart, Kang and Melville [1].
In this paper, we develop the crystal basis theory for quantum generalized Kac-
Moody algebras following the framework given in [10]. After reviewing some of the
basic facts about quantum generalized Kac-Moody algebras and their modules, we
define the category Oint consisting of integrable Uq(g)-modules satisfying certain
conditions on their weights and show that this category is semisimple. We then
define the notion of crystal bases for Uq(g)-modules in the category Oint and prove
the standard properties of crystal bases including the tensor product rule.
Next, we prove the existence theorem for crystal bases using Kashiwara’s grand-
loop argument, which consists of 15 interlocking inductive statements. As is the case
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with Kac-Moody algebras, the fundamental properties of crystal bases for U−q (g) play
a crucial role in this argument.
Finally, we globalize the theory of crystal bases. That is, we show that any irre-
ducible highest weight Uq(g)-module in the category Oint has a unique global basis.
The existence of global bases is proved using the basic properties of balanced triple
and the triviality of vector bundles over P1.
Acknowledgments. We would like to express our sincere gratitude to Olivier
Schiffmann for many valuable discussions.
1. Quantum Generalized Kac-Moody Algebras
Let I be a finite or countably infinite index set. A real square matrix A = (aij)i,j∈I
is called a Borcherds-Cartan matrix if it satisfies:
(i) aii = 2 or aii ≤ 0 for all i ∈ I,
(ii) aij ≤ 0 if i 6= j,
(iii) aij ∈ Z if aii = 2,
(iv) aij = 0 if and only if aji = 0.
We say that an index i is real if aii = 2 and imaginary if aii ≤ 0. We denote by
Ire : = {i ∈ I ; aii = 2}, I
im : = {i ∈ I ; aii ≤ 0}.
In this paper, we assume that all the entries of A are integers and the diagonal
entries are even. Furthermore, we assume that A is symmetrizable; that is, there is
a diagonal matrix D = diag(si ∈ Z>0 | i ∈ I) such that DA is symmetric.
Let P ∨ be a free abelian group and let Π∨ = {hi}i∈I be a family of elements in P
∨
called the set of simple coroots, and set h = Q⊗Z P
∨. The free abelian group P ∨ is
called the co-weight lattice and the Q-vector space h is called the Cartan subalgebra.
The weight lattice is defined to be
P : = {λ ∈ h∗ ; λ(P ∨) ⊂ Z} .
We assume that P contains a family of elements Π = {αi}i∈I called the set of simple
roots satisfying
αi(hj) = aji for i, j ∈ I.
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Definition 1.1. We call the quintuple (A, P ∨, P,Π∨,Π) a Borcherds-Cartan datum
associated with A.
In this paper, we assume that there is a non-degenerate symmetric bilinear form
( | ) on h∗ satisfying
(αi|λ) = siλ(hi) for every λ ∈ h
∗,
and therefore we have
(αi|αj) = siaij for every i, j ∈ I.
We also assume that there exists Λi ∈ P such that Λi(hj) = δij for i, j ∈ I. Such
a Λi is called a fundamental weight. We assume further that {αi}i∈I is linearly
independent.
For a symmetrizable Borcherds-Cartan matrix, there exists such a Borcherds-
Cartan datum. Take
P ∨ =
(⊕
i∈I
Zhi
)
⊕
(⊕
i∈I
Zdi
)
and define αi and Λi by
αi(hj) = aji and αi(dj) = δij ,
Λi(hj) = δij and Λi(dj) = 0.
Let ( | ) be the bilinear form on
(
⊕i(Qαi ⊕QΛi)
)
× h∗ defined by
(αi|λ) = siλ(hi), (Λi|λ) = siλ(di).
Since it is symmetric on
(
⊕i(Qαi ⊕QΛi)
)
×
(
⊕i(Qαi ⊕QΛi)
)
, we can extend this
to a symmetric form on h∗. Then such a symmetric form is non-degenerate.
We denote by P+ the set {λ ∈ P ; λ(hi) ≥ 0 for every i ∈ I} of dominant integral
weights. The free abelian group Q : =
⊕
i∈I Zαi is called the root lattice. We set
Q+ =
∑
i∈I Z≥0αi and Q− = −Q+. For α ∈ Q+, we can write α =
∑r
k=1 αik for
i1, . . . , ir ∈ I. We set |α| = r and call it the height of α.
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For an indeterminate q, set qi = q
si and define
[n]i =
qni − q
−n
i
qi − q
−1
i
, [n]i! =
n∏
k=1
[k]i,
[
m
n
]
i
=
[m]i!
[m− n]i![n]i!
.(1.1)
If aii < 0, set ci = −
1
2
aii ∈ Z>0, and define
{n}i =
qcini − q
−cin
i
qcii − q
−ci
i
, {n}i! =
n∏
k=1
{k}i,
{
m
n
}
i
=
{m}i!
{m− n}i!{n}i!
.(1.2)
For convenience, if aii = 0, we will also use the notation ci = 0 and
{n}i = n, {n}i! = n!,
{
m
n
}
i
=
(
m
n
)
.(1.3)
Definition 1.2. The quantum generalized Kac-Moody algebra Uq(g) associated with
a Borcherds-Cartan datum (A, P ∨, P,Π∨,Π) is the associative algebra over Q(q)
with the unit 1 generated by the symbols ei, fi (i ∈ I) and q
h (h ∈ P ∨) subject to
the following defining relations :
q0 = 1, qhqh
′
= qh+h
′
(h, h′ ∈ P ∨),
qheiq
−h = qαi(h)ei, q
hfiq
−h = q−αi(h)fi,
eifj − fjei = δij
Ki −K
−1
i
qi − q
−1
i
, where Ki = q
sihi,
1−aij∑
r=0
(−1)r
[
1− aij
r
]
i
e
1−aij−r
i eje
r
i = 0 if aii = 2, i 6= j,
1−aij∑
r=0
(−1)r
[
1− aij
r
]
i
f
1−aij−r
i fjf
r
i = 0 if aii = 2, i 6= j,
eiej − ejei = 0, fifj − fjfi = 0 if aij = 0.
(1.4)
From now on, we will use the notation
e
(n)
i =
eni
[n]i!
, f
(n)
i =
fni
[n]i!
if aii = 2,
e
(n)
i = e
n
i , f
(n)
i = f
n
i if aii ≤ 0.
(1.5)
6 K. JEONG, S.-J. KANG, M. KASHIWARA
We understand that e
(n)
i = f
(n)
i = 1 for n = 0 and e
(n)
i = f
(n)
i = 0 for n < 0. For
α =
∑
kiαi ∈ Q, we will also use the notation
Kα =
∏
Kkii .
The quantum generalized Kac-Moody algebra Uq(g) has a Hopf algebra structure
with the comultiplication ∆, the counit ε, and the antipode S defined by
∆(qh) = qh ⊗ qh,
∆(ei) = ei ⊗K
−1
i + 1⊗ ei, ∆(fi) = fi ⊗ 1 +Ki ⊗ fi,
ε(qh) = 1, ε(ei) = ε(fi) = 0,
S(qh) = q−h, S(ei) = −eiKi, S(fi) = −K
−1
i fi
(1.6)
for h ∈ P ∨, i ∈ I (see, for example, [1, 8]).
Let U+q (g) (resp. U
−
q (g)) be the subalgebra of Uq(g) generated by the elements
ei (resp. fi) for i ∈ I, and let U
0
q (g) be the subalgebra of Uq(g) generated by q
h
(h ∈ P ∨). Then we have the triangular decomposition ([1, 8]) :
Uq(g) ∼= U
−
q (g)⊗ U
0
q (g)⊗ U
+
q (g).(1.7)
Remark 1.3. In [8], Kang considered the generalized Kac-Moody algebras associated
with Borcherds-Cartan matrices of charge m = (mi ∈ Z>0 | i ∈ I, mi = 1 for i ∈
Ire). The charge mi is the multiplicity of the simple root corresponding to i ∈ I.
For example, the Monster Lie algebra, which played an important role in Borcherds’
proof of Monstrous moonshine, is a generalized Kac-Moody algebra associated with
the Borcherds-Cartan matrix A = (−(i+ j))i,j∈I of charge m = (c(i) | i ∈ I), where
I = {−1} ∪ {1, 2, . . . } and c(i) are the coefficients of the elliptic modular function
J(q) = j(q)− 744 =
∞∑
n=−1
c(n)qn = q−1 + 196884q + 21493760q2 + · · · .
In this paper, we assume thatmi = 1 for all i ∈ I. However, we do not lose generality
by this assumption. Indeed, if we take Borcherds-Cartan matrices with some of the
rows and columns identical, then the generalized Kac-Moody algebras with charge
introduced in [8] can be recovered from the ones in this paper by identifying the hi’s
and di’s (hence αi’s) corresponding to these identical rows and columns.
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2. Representation Theory
A Uq(g)-module V is called a weight module if it admits a weight space decompo-
sition V =
⊕
µ∈P Vµ, where Vµ : =
{
v ∈ V ; qhv = qµ(h)v for every h ∈ P ∨
}
. We call
wt(V ) : = {µ ∈ P ; Vµ 6= 0} the set of weights of V .
Let O be the category consisting of weight modules V with finite-dimensional
weight spaces such that wt(V ) ⊂
⋃s
j=1(λj −Q+) for finitely many λ1, . . . , λs ∈ P .
One of the most interesting examples of Uq(g)-modules in the category O is the
class of highest weight modules defined below. A weight module V over Uq(g) is
called a highest weight module with highest weight λ ∈ P if there exists a non-zero
vector v ∈ V (called a highest weight vector) such that
(i) V = Uq(g)v,
(ii) v ∈ Vλ,
(iii) ei v = 0 for every i ∈ I.
Let J(λ) denote the left ideal of Uq(g) generated by ei, q
h − qλ(h) (i ∈ I, h ∈
P ∨), and set M(λ) = Uq(g)/J(λ). Then, via left multiplication, M(λ) becomes a
Uq(g)-module called the Verma module. The basic properties of Verma modules are
summarized in the following proposition.
Proposition 2.1 ([1, 8]).
(a) M(λ) is a highest weight Uq(g)-module with highest weight λ and highest
weight vector vλ : = 1 + J(λ).
(b) M(λ) is a free U−q (g)-module generated by vλ.
(c) Every highest weight Uq(g)-module with highest weight λ is a quotient of
M(λ).
(d) M(λ) contains a unique maximal submodule R(λ).
The irreducible quotient V (λ) = M(λ)/R(λ) is an irreducible highest weight Uq(g)-
module with highest weight λ.
In the rest of this section, we focus on the structure of the irreducible highest
weight Uq(g)-module V (λ) with a dominant integral highest weight λ ∈ P
+.
We first recall:
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Proposition 2.2 ([1, 8]). Let λ ∈ P+ be a dominant integral weight.
(a) The highest weight vector vλ of V (λ) satisfies the following relations
f
λ(hi)+1
i vλ = 0 if aii = 2,
fivλ = 0 if λ(hi) = 0.
(2.1)
(b) Conversely, let V be a highest weight Uq(g)-module with a highest weight
λ ∈ P+ and a highest weight vector v. If v satisfies the relations in (2.1),
then V is isomorphic to V (λ).
Consider the anti-involution of Uq(g) defined by
qh 7→ qh, ei 7→ qifiK
−1
i , fi 7→ q
−1
i Kiei (i ∈ I).(2.2)
By standard arguments, we see that there exists a unique symmetric bilinear form
( , ) on V (λ) with λ ∈ P+ satisfying
(vλ, vλ) = 1, (q
hu, v) = (u, qhv),
(eiu, v) = (u, qifiK
−1
i v), (fiu, v) = (u, q
−1
i Kieiv)
(2.3)
for i ∈ I, h ∈ P ∨, u, v ∈ V (λ).
Note that (V (λ)µ, V (λ)τ) = 0 unless µ = τ . Moreover, we have:
Lemma 2.3. The symmetric bilinear form ( , ) on V (λ) defined by (2.3) is non-
degenerate.
Proof. The kernel {u ∈ V (λ) ; (u, V (λ)) = 0} is a Uq(g)-submodule not containing
vλ. Since V (λ) is irreducible, it must vanish. 
The weights of the irreducible highest weight Uq(g)-module V (λ) satisfy the fol-
lowing properties.
Proposition 2.4. Let µ be a weight of V (λ) with λ ∈ P+, and let i ∈ I im.
(a) µ(hi) ∈ Z≥0.
(b) If µ(hi) = 0, then V (λ)µ−αi = 0.
(c) If µ(hi) = 0, then fi(V (λ)µ) = 0.
(d) If µ(hi) ≤ 2ci, then ei(V (λ)µ) = 0.
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Proof. Set µ = λ−α with α ∈ Q+. Write α =
∑r
ν=1 αiν . Since αiν (hi) ≤ 0, we have
α(hi) ≤ 0, which yields µ(hi) = λ(hi) − α(hi) ≥ λ(hi) ≥ 0. Note that µ(hi) = 0
implies that λ(hi) = αiν (hi) = 0 (ν = 1, . . . , r). Thus fi commutes with all the fiν ’s,
and kills vλ. Therefore we obtain V (λ)µ−αi = 0.
The properties (c) and (d) easily follow from (a) and (b). 
Fix i ∈ I, and let Ui be the subalgebra of Uq(g) generated by ei, fi and U
0
q (g).
Then the algebra Ui can be viewed as a rank 1 quantum generalized Kac-Moody
algebra associated with the Borcherds-Cartan matrix A = (aii). For example, if
aii = 0, then Ui is isomorphic to the quantum Heisenberg algebra.
Let V = V (λ) be the irreducible highest weight Ui-module with a dominant
integral highest weight λ. If aii = 2, it is well-known that dim V = λ(hi) + 1.
If aii ≤ 0, then dimV is given in the following lemma, which easily follows from
Proposition 2.2.
Lemma 2.5. Suppose aii ≤ 0 and let V (λ) be the irreducible highest weight Ui-
module with a dominant integral highest weight λ. Then we have V (λ) = Q(q)vλ if
λ(hi) = 0, and {f
n
i vλ}n≥0 is a basis of V (λ) if λ(hi) > 0.
Observe that the Ui-module structure on V (λ) is given by
Kif
n
i vλ = q
λ(hi)+2nci
i f
n
i vλ,
fif
n
i v = f
n+1
i v,
eif
n
i vλ = {n}i[λ(hi) + ci(n− 1)]if
n−1
i vλ.
(2.4)
3. Category Oint
Definition 3.1. The category Oint consists of Uq(g)-modules M satisfying the fol-
lowing properties :
(i) M =
⊕
µ∈P Mµ with dimMµ <∞ for every µ ∈ P , where
Mµ : =
{
v ∈M ; qhv = qµ(h)v for every h ∈ P ∨
}
,
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(ii) there exist a finite number of weights λ1, . . . , λs ∈ P such that
wt(M) : = {µ ∈ P ; Mµ 6= 0} ⊂
s⋃
j=1
(λj −Q+) ,
(iii) if aii = 2, then the action of fi on M is locally nilpotent,
(iv) if aii ≤ 0, then µ(hi) ∈ Z≥0 for every µ ∈ wt(M),
(v) if aii ≤ 0 and µ(hi) = 0, then fiMµ = 0.
(vi) if aii ≤ 0 and µ(hi) = 2ci, then eiMµ = 0.
Remark 3.2.
(i) Note that if aii ≤ 0 and µ(hi) ≤ 2ci then eiMµ = 0. Indeed, if µ(hi) < 2ci,
then (µ+ αi)(hi) < 0 and µ+ αi is not a weight of M by Definition 3.1 (iv).
(ii) By (ii), the action of ei on a Uq(g)-module in the category Oint is locally
nilpotent.
(iii) Note that a submodule or a quotient module of a Uq(g)-module in the cate-
goryOint also belongs to the categoryOint. Furthermore, it is straightforward
to verify that the categoryOint is closed under taking a finite number of direct
sums and tensor products.
Proposition 3.3. Let V (λ) be the irreducible highest weight Uq(g)-module with high-
est weight λ ∈ P . Then V (λ) belongs to the category Oint if and only if λ ∈ P
+.
Proof. As we have seen in Proposition 2.4, V (λ) belongs to the category Oint for
λ ∈ P+.
Conversely, assume that V (λ) lies in the categoryOint. If aii = 2, since fi is locally
nilpotent on V (λ), there exists a non-negative integer Ni such that f
Ni
i vλ 6= 0 and
fNi+1i vλ = 0. Hence we have
0 = eif
Ni+1
i vλ = [Ni + 1]i[λ(hi)−Ni]if
Ni
i vλ,
which implies λ(hi) = Ni ∈ Z≥0.
If aii ≤ 0, we have λ(hi) ∈ Z≥0 by Definition 3.1 (iv). 
Proposition 3.4.
CRYSTAL BASES FOR QUANTUM GENERALIZED KAC-MOODY ALGEBRAS 11
(a) If V is a highest weight Uq(g)-module in the category Oint with highest weight
λ ∈ P , then λ ∈ P+ and V ≃ V (λ).
(b) Every irreducible Uq(g)-module in the category Oint is isomorphic to some
V (λ) with λ ∈ P+.
Proof. (a) Let v be a highest weight vector of V with weight λ. If aii = 2, by the
proof of Proposition 3.3, we have λ(hi) ∈ Z≥0 and f
λ(hi)+1
i v = 0.
If aii ≤ 0, then by the definition of Oint, we have λ(hi) ∈ Z≥0 and λ(hi) = 0
implies fiv = 0. Hence λ ∈ P
+, and Proposition 2.2 (b) implies that V ≃ V (λ).
(b) Let V be an irreducible Uq(g)-module in the category Oint. Since wt(V ) ⊂⋃s
j=1(λj − Q+) for some λj ∈ P (j = 1, . . . , s), there exists a non-zero maximal
vector v ∈ Vλ for some λ ∈ wt(V ) ⊂ P such that eiv = 0 for every i ∈ I. Then
V = Uq(g)v is isomorphic to V (λ) by (a). 
We will now prove that every Uq(g)-module in the category Oint is semisimple.
Let ϕ be the anti-involution of Uq(g) given by
ei 7→ fi, fi 7→ ei, q
h 7→ qh.(3.1)
Let M =
⊕
µ∈P Mµ be a Uq(g)-module in the category Oint. We define its finite
dual to be the vector space
M∗ : =
⊕
µ∈P
M∗µ, where M
∗
µ : =HomQ(q)(Mµ,Q(q)).(3.2)
Using the anti-involution ϕ of Uq(g), we define a Uq(g)-module structure on M
∗ by
〈x · φ, v〉 = 〈φ, ϕ(x) · v〉 for x ∈ Uq(g), φ ∈M
∗, v ∈M.(3.3)
The following lemma is an immediate consequence of the definitions.
Lemma 3.5. Let M =
⊕
µ∈P Mµ be a Uq(g)-module in the category Oint.
(a) There exists a canonical isomorphism (M∗)∗ ∼= M as Uq(g)-modules.
(b) The space M∗µ is the weight space of M
∗ with weight µ.
(c) We have
wt(M∗) = wt(M).
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(d) M∗ also belongs to the category Oint.
Proof. Since the other statements are evident, we only show that M∗ satisfies (v)
and (vi) in Definition 3.1.
(v) For i ∈ I im and µ ∈ P with µ(hi) = 0, we have
〈fiM
∗
µ,M〉 = 〈M
∗
µ, eiMµ−αi〉 = 0,
where the last equality follows from 〈hi, µ− αi〉 = 2ci.
(vi) For i ∈ I im and µ ∈ P with µ(hi) = 2ci, we have
〈eiM
∗
µ,M〉 = 〈M
∗
µ, fiMµ+αi〉 = 0,
where the last equality follows from 〈hi, µ+ αi〉 = 0. 
Let M be a non-zero Uq(g)-module in the category Oint and choose a maximal
weight λ ∈ wt(M) with the property that λ+ αi is not a weight of M for any i ∈ I.
Fix a non-zero vector vλ ∈ Mλ and set V = Uq(g)vλ. Then by Proposition 3.4, we
have λ ∈ P+ and V is isomorphic to V (λ).
Let us take φλ ∈ M
∗
λ satisfying φλ(vλ) = 1, and set W = Uq(g)φλ. Then, again
by Proposition 3.4, W is isomorphic to V (λ).
Lemma 3.6. Let M be a Uq(g)-module in the category Oint and let V be the sub-
module of M generated by a maximal vector vλ of weight λ. Then we have
M ≃ V ⊕ (M/V ).
Proof. We will show that the short exact sequence
0 −→ V −→M −→ M/V −→ 0
splits.
Take the dual of the inclusion W →֒ M∗ to get a map (M∗)∗ −→ W ∗. Since
M ∼= (M∗)∗, we obtain a map η : M
∼
−→ (M∗)∗ −→W ∗, which yields
ψ : V →֒ M
η
−−→W ∗.
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It is easy to check that the image of vλ under ψ is non-zero. Since V ≃ V (λ) and
W ∗ ≃ V (λ)∗ ≃ V (λ), ψ is an isomorphism by Schur’s Lemma. Hence the above
short exact sequence splits, and we have M ≃ V ⊕ (M/V ). 
Using this lemma, we will prove the complete reducibility theorem for the category
Oint.
Theorem 3.7. Every Uq(g)-module in the category Oint is isomorphic to a direct
sum of irreducible highest weight modules V (λ) with λ ∈ P+.
Proof. By Proposition 3.4 (b), it is enough to show that any Uq(g)-module M in the
category Oint is semisimple.
Let U≥0 denote the subalgebra of Uq(g) generated by the elements q
h (h ∈ P ∨)
and ei (i ∈ I). We shall first show that, if M is generated as a Uq(g)-module by a
finite-dimensional U≥0-submodule F , then M is semisimple. We shall argue by the
induction on the dimension of F . If F 6= 0, let us choose a maximal weight vector
vλ of weight λ ∈ P
+ in F , and set V = Uq(g)vλ ≃ V (λ). By Lemma 3.6, we have
M ≃ V ⊕ (M/V ).
Since M/V = Uq(g)
(
F/(F ∩ V )
)
and dim
(
F/(F ∩ V )
)
< dimF , the induction
hypothesis implies that M/V is semisimple. Hence M is semisimple.
Now let M be an arbitrary Uq(g)-module in the category Oint. Then, for any
v ∈ M , U≥0v is finite-dimensional, and hence Uq(g)v is semisimple. Since M is a
sum of semisimple Uq(g)-modules Uq(g)v, a standard argument for semisimplicity
([4, Proposition 3.12]) implies that M is semisimple. 
Corollary 3.8. Let M be a Uq(g)-module in the category Oint. Then for any i ∈ I,
M satisfies the following properties:
(a) If aii = 2, then M is a direct sum of finite-dimensional irreducible Ui-
submodules.
(b) If aii ≤ 0, then M is a direct sum of 1-dimensional or infinite-dimensional
irreducible highest weight Ui-submodules.
Proof. Our assertions immediately follow from Lemma 2.5 and Theorem 3.7.
14 K. JEONG, S.-J. KANG, M. KASHIWARA
4. Crystal Bases
In this section, we will develop the crystal basis theory for Uq(g)-modules in the
category Oint. The following fundamental lemma easily follows from Corollary 3.8.
Lemma 4.1. Let M be a Uq(g)-module in the category Oint. Then for any i ∈ I,
we have :
(a) M =
⊕
n∈Z≥0
f
(n)
i (Ker ei).
(b) For any λ ∈ P and n > 0, the map
f
(n)
i : Ker ei ∩Mλ →Mλ−nαi(4.1)
is either a monomorphism or zero. More precisely, the morphism (4.1) is
injective if i ∈ Ire and λ(hi) ≥ n or if i ∈ I
im and λ(hi) > 0. Otherwise, it
vanishes.
Hence for any weight vector u ∈ Mλ there exists a unique family {un}n∈Z≥0 of
elements of M such that
(a) un ∈ Ker ei ∩Mλ+nαi ,
(b) u =
∑
n≥0 f
(n)
i un,
(c) if i ∈ Ire and 〈hi, λ+ nαi〉 < n, then un = 0,
(d) if i ∈ I im, n > 0 and 〈hi, λ+ nαi〉 = 0, then un = 0.
(4.2)
Note that un = 0 for n ≫ 0, because λ + nαi is not a weight of M for n ≫ 0. We
call the expression (b) in (4.2) the i-string decomposition of u.
Remark 4.2.
(i) The conditions (c) and (d) in (4.2) are equivalent to saying that f
(n)
i un = 0
implies un = 0.
(ii) If
∑
n≥0 f
(n)
i un is an i-string decomposition, then
∑
n≥0 f
(n)
i un+1 is an i-string
decomposition. However,
∑
n≥1 f
(n)
i un−1 is not necessarily an i-string decom-
position.
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Definition 4.3. For i ∈ I and u ∈ M , let u =
∑
n≥0 f
(n)
i un be the i-string decom-
position of u. Then the Kashiwara operators e˜i and f˜i on M are defined by
e˜i u =
∑
n≥1
f
(n−1)
i un, f˜i u =
∑
n≥0
f
(n+1)
i un.(4.3)
By Lemma 4.1, if u =
∑
n≥0 f
(n)
i un with u ∈ Mλ and un ∈ Ker ei ∩Mλ+nαi , then
we have
e˜i u =
∑
n≥1,
f
(n)
i un 6=0
f
(n−1)
i un and f˜i u =
∑
n≥0
f
(n+1)
i un.(4.4)
Note that if aii ≤ 0, then f˜i = fi, but e˜i 6= ei (see Lemma 4.5 below and the
remark after (4.6)). Note that we have
e˜i ◦ f˜i |Mλ= idMλ if aii ≤ 0 and λ(hi) > 0.(4.5)
We now define the notion of crystal bases for Uq(g)-modules in the category Oint.
Let A0 be the localization of the polynomial ring Q[q] at the prime ideal Q[q]q:
A0 = {f/g ; f, g ∈ Q[q], g(0) 6= 0} .
Thus the local ring A0 is a principal ideal domain with Q(q) as its field of quotients.
Definition 4.4. Let M be a Uq(g)-module in the category Oint. A crystal lattice of
M is a free A0-submodule L of M satisfying the following conditions :
(i) L generates M as a vector space over Q(q),
(ii) L =
⊕
λ∈P Lλ, where Lλ : =L ∩Mλ,
(iii) e˜i L ⊂ L and f˜i L ⊂ L for every i ∈ I.
The map A0 ∋ f 7−→ f(0) ∈ Q induces an isomorphism
A0/qA0
∼
−→ Q,
and we have
Q⊗A0 L
∼
−→ L/qL.
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The passage from L to the quotient L/qL is referred to as taking the crystal limit.
Since the Kashiwara operators e˜i and f˜i preserve the crystal lattice L, they also
define operators on L/qL, which we will denote by the same symbols.
Lemma 4.5. Let L be a free A0-submodule L of M ∈ Oint satisfying the conditions
(i) and (ii) in Definition 4.4.
(a) L is a crystal lattice if and only if L =
⊕
n≥0 f
(n)
i (Ker ei ∩L) for every i ∈ I.
(b) Let Ei and Fi be operators on M such that
Eif
(n)
i v = ai,n,λf
(n−1)
i v, Fif
(n)
i v = bi,n,λf
(n+1)
i v
for v ∈ Ker ei ∩ Mλ with f
(n)
i v 6= 0. Here, ai,n,λ and bi,n,λ are invertible
elements of A0.
Then L is a crystal lattice if and only if EiL ⊂ L and FiL ⊂ L. Moreover,
if we define the operators Ri and Si by
Rif
(n)
i v = ai,n,λ(0)f
(n)
i v, Sif
(n)
i v = bi,n,λ(0)f
(n)
i v,
then RiL ⊂ L, SiL ⊂ L and the induced action of Ei (resp. Fi) on L/qL
coincides with that of e˜i ◦Ri (resp. f˜i ◦ Si). In particular, we have E
−1
i (L) =
e˜−1i (L).
Proof. Since the other statements are obvious, let us show that if EiL ⊂ L and
FiL ⊂ L, then L =
⊕
n≥0 f
(n)
i (Ker ei ∩ L). The condition FiL ⊂ L implies that
L ⊃
⊕
n≥0 f
(n)
i (Ker ei ∩ L). In order to show the inverse inclusion, let
∑N
n=0 f
(n)
i un
be the i-string decomposition of u ∈ Lλ. Let us show that every un belongs to L by
the induction of N . Since we have
Eiu =
N∑
n=1
ai,n,λ+nαif
(n−1)
i un ∈ L,
the induction hypothesis implies un ∈ L for n ≥ 1. Hence u0 = u −
∑
n≥1 f
(n)
i un
belongs to L. 
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Note that for u ∈ Ker ei ∩Mλ, we have
q−1i Kiei(f
(n)
i u) =


q1−ni
1− q
2(a+1−n)
i
1− q2i
f
(n−1)
i u if i ∈ I
re,
(1− q2ncii )(1− q
2(a+(n−1)ci)
i )
(1− q2i )(1− q
2ci
i )
f
(n−1)
i u if aii < 0,
n
1− q2ai
1− q2i
f
(n−1)
i u if aii = 0,
(4.6)
where a = λ(hi). Hence when aii ≤ 0, we can use q
−1
i Kiei instead of e˜i.
Definition 4.6. Let M be a Uq(g)-module in the category Oint. A crystal basis of
M is a pair (L,B) such that
(i) L is a crystal lattice of M ,
(ii) B is a Q-basis of L/qL ∼= Q⊗A0 L,
(iii) B =
⊔
λ∈P Bλ, where Bλ : =B ∩ (Lλ/qLλ),
(iv) e˜iB ⊂ B ∪ {0} and f˜iB ⊂ B ∪ {0} for every i ∈ I,
(v) for any i ∈ I and b, b′ ∈ B, we have f˜ib = b
′ if and only if b = e˜ib
′.
The set B is endowed with a colored oriented graph structure whose arrows are
defined by
b
i
−→ b′ if and only if f˜ib = b
′.
The graph B is called the crystal graph of M and it reflects the combinatorial
structure of M . For instance, we have
dimQ(q)Mλ = rankA0Lλ = #Bλ for every λ ∈ P.
(See, for example, [6, Theorem 4.2.5]. See also Proposition 4.9 below.)
Theorem 4.7. Let M be a Uq(g)-module in the category Oint and let (L,B) be
a crystal basis of M . For i ∈ I and u ∈ Lλ, let u =
∑
l≥0 f
(l)
i ul be the i-string
decomposition of u. Then the following statements are true.
(a) ul ∈ L for every l ∈ Z≥0.
(b) If u+ qL ∈ B, then there exists a non-negative integer l0 such that
(i) ul ∈ qL for every l 6= l0,
(ii) ul0 + qL ∈ B,
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(iii) u ≡ f
(l0)
i ul0 mod qL.
In particular, we have e˜iu ≡ f
(l0−1)
i ul0 and f˜iu ≡ f
(l0+1)
i ul0 mod qL.
Proof. The proof is the same as the one given in [10, Proposition 2.3.2] (see also [6,
Proposition 4.2.11]). 
Let M be a Uq(g)-module in the category Oint with a crystal basis (L,B). For
i ∈ I, we define the maps wt: B → P , εi : B → Z≥0 and ϕi : B → Z≥0 ∪ {∞} by
wt(b) = λ for b ∈ Bλ (λ ∈ P ),
εi(b) = max
{
l ≥ 0 ; e˜i
lb ∈ B
}
,
ϕi(b) = max
{
l ≥ 0 ; f˜i
lb ∈ B
}
.
(4.7)
Note that for i ∈ I im, we have (see Example 5.1)
ϕi(b) =

0 if 〈hi,wt(b)〉 = 0,∞ if 〈hi,wt(b)〉 > 0.
Then, using Theorem 4.7, we can easily prove the following proposition.
Proposition 4.8.
(a) If b ∈ Bλ satisfies e˜ib ∈ B, then
wt(e˜ib) = λ+ αi, εi(e˜ib) = εi(b)− 1, ϕi(e˜ib) = ϕi(b) + 1.
(b) If b ∈ Bλ satisfies f˜ib ∈ B, then
wt(f˜ib) = λ− αi, εi(f˜ib) = εi(b) + 1, ϕi(f˜ib) = ϕi(b)− 1.
Proposition 4.9. For any n ∈ Z≥0 and i ∈ I, we have
(fni M ∩ L)/(f
n
i M ∩ qL) =
⊕
b∈B
εi(b)≥n
Qb.
In particular, we have
dimQ(q)(f
n
i M)λ = # {b ∈ Bλ ; εi(b) ≥ n} .
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Proof. Since L =
⊕
m≥0 f
(m)
i (Ker ei ∩ L) by Lemma 4.5, one has
L/qL =
⊕
m≥0
f
(m)
i (Ker ei ∩ L)/qf
(m)
i (Ker ei ∩ L).
If b ∈ B satisfies εi(b) = m, then b belongs to f
(m)
i (Ker ei ∩ L)/qf
(m)
i (Ker ei ∩
L). Hence {b ∈ B ; εi(b) = m} is a basis of f
(m)
i (Ker ei ∩ L)/qf
(m)
i (Ker ei ∩ L). To
complete the proof, it is enough to note that fni M ∩L = ⊕m≥nf
(m)
i (Ker ei ∩L). 
5. Tensor Product Rule
Fix i ∈ I, and let Ui be the subalgebra of Uq(g) generated by ei, fi and U
0
q (g). In
the following example, we investigate the structure of crystal bases for irreducible
highest weight Ui-modules.
Example 5.1. Let V : =V (λ) be the irreducible highest weight Ui-module with
m : =λ(hi) ∈ Z≥0 and highest weight vector vλ.
(a) If aii = 2, then we have
Kivλ = q
m
i vλ, eivλ = 0, f
m+1
i vλ = 0,
and V =
⊕m
l=0Q(q)f
(l)
i vλ. Set
L =
m⊕
l=0
A0f
(l)
i vλ and B = {vλ, fivλ, . . . , f
(m)
i vλ}.
Then (L,B) is a crystal basis of V with the Kashiwara operators given by
e˜i(f
(l)
i vλ) = f
(l−1)
i vλ, f˜i(f
(l)
i vλ) = f
(l+1)
i vλ.
Moreover, we have
wt(f
(l)
i vλ) = λ− lαi, εi(f
(l)
i vλ) = l, ϕi(f
(l)
i vλ) = m− l.
(b) If aii ≤ 0 and λ(hi) = 0, then we have
Kivλ = vλ, eivλ = fivλ = 0, and V = Q(q)vλ.
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Set L = A0vλ and B = {vλ}. Then (L,B) is a crystal basis of V , and
e˜ivλ = f˜ivλ = 0, wt(vλ) = λ, εi(vλ) = ϕi(vλ) = 0.
(c) If aii ≤ 0 and m : =λ(hi) > 0, then we have
Kivλ = q
m
i vλ, eivλ = 0, and V =
⊕
l≥0
Q(q)f livλ.
Set
L =
⊕
l≥0
A0f
l
ivλ and B =
{
f livλ ; l ≥ 0
}
.
Then (L,B) is a crystal basis of V with the Kashiwara operators given by
e˜i(f
l
ivλ) = f
l−1
i vλ, f˜i(f
l
ivλ) = f
l+1
i vλ.
Moreover, we have
wt(f livλ) = λ− lαi, εi(f
l
ivλ) = l, ϕi(f
l
ivλ) =∞.
Now we are ready to state the tensor product rule for crystal bases of Uq(g)-
modules in the category Oint.
Theorem 5.2. Let Mj be a Uq(g)-module in the category Oint and let (Lj , Bj) be a
crystal basis of Mj (j = 1, 2). Set
M = M1 ⊗Q(q) M2, L = L1 ⊗A0 L2, B = B1 ⊗B2.
Then (L,B) is a crystal basis of M , where the Kashiwara operators e˜i and f˜i (i ∈ I)
on B are given as follows :
e˜i(b1 ⊗ b2) =

e˜ib1 ⊗ b2 if ϕi(b1) ≥ εi(b2),b1 ⊗ e˜ib2 if ϕi(b1) < εi(b2),
f˜i(b1 ⊗ b2) =

f˜ib1 ⊗ b2 if ϕi(b1) > εi(b2),b1 ⊗ f˜ib2 if ϕi(b1) ≤ εi(b2).
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Proof. By Theorem 4.7, it suffices to prove the tensor product rule for irreducible
highest weight Ui-modules M1 = V (λ) and M2 = V (µ) with a : =λ(hi) ∈ Z≥0 and
b : =µ(hi) ∈ Z≥0.
If aii = 2, our assertion was already proved in [9]. (See also [6, Theorem 4.4.3],
[11, The´ore`me 2.3.5]).
If aii ≤ 0, set ci = −
1
2
aii ∈ Z≥0. If a = 0 or b = 0, then our assertion is trivial.
We assume that a, b > 0. Then, by (4.5), we have e˜i ◦ f˜i = idM1⊗M2 and
M1 = V (λ) =
⊕
l≥0Q(q)f
l
iu, M2 = V (µ) =
⊕
l≥0Q(q)f
l
iv,
L1 =
⊕
l≥0A0f
l
iu, L2 =
⊕
l≥0A0f
l
iv,
B1 =
{
f liu mod qL1 ; l ∈ Z≥0
}
, B2 =
{
f liv mod qL2 ; l ∈ Z≥0
}
,
where
eiu = eiv = 0, Kiu = q
λ(hi)
i u = q
a
i u, Kiv = q
µ(hi)
i v = q
b
iv.
Consider the A0-lattice
L = L1 ⊗A0 L2 =
⊕
l,m≥0
A0(f
l
iu⊗ f
m
i v).
We have
fi(f
l
iu⊗ f
m
i v) = (fi ⊗ 1 +Ki ⊗ fi)(f
l
iu⊗ f
m
i v)
= f l+1i u⊗ f
m
i v + q
a+2lci
i f
l
iu⊗ f
m+1
i v
≡ f l+1i u⊗ f
m
i v mod qL.
Therefore, we have f˜iL ⊂ L and
f˜i(f
l
iu⊗ f
m
i v) ≡ f˜i(f
l
iu)⊗ f
m
i v mod qL.
On the other hand, we have (see Lemma 4.5 and (4.6))
q−1i Kiei(f
l
iu⊗ f
m
i v) = (q
−1
i Kiei ⊗ 1 +Ki ⊗ q
−1
i Kiei)(f
l
iu⊗ f
m
i v)
= (q−1i Kieif
l
iu)⊗ f
m
i v + q
a+2cil
i f
l
iu⊗ q
−1
i Kieif
m
i v
≡ (q−1i Kieif
l
iu)⊗ f
m
i v mod qL.
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Therefore, we have e˜iL ⊂ L, and e˜i(u⊗ f
m
i v) ≡ 0 mod qL. For l > 0, we have
e˜i(f
l
i ⊗ f
m
i v) ≡ e˜if˜i(f
l−1
i ⊗ f
m
i v) = f
l−1
i ⊗ f
m
i v mod qL.
Hence (L1 ⊗ L2, B1 ⊗B2) is a crystal basis with the desired action of e˜i and f˜i. 
6. Crystal basis for U−q (g)
In this section, we will define the notion of crystal basis for U−q (g) following [10].
Although [10] treated the Kac-Moody case, similar arguments can be applied to
the generalized Kac-Moody algebra case with slight modifications, and we omit the
details.
Fix i ∈ I. For any P ∈ U−q (g), there exist unique Q, R ∈ U
−
q (g) such that
eiP − Pei =
KiQ−K
−1
i R
qi − q
−1
i
.(6.1)
We define the endomorphisms e′i, e
′′
i : U
−
q (g)→ U
−
q (g) by
e′i(P ) = R and e
′′
i (P ) = Q.(6.2)
Then we have the following commutation relations :
e′ifj = q
−aij
i fje
′
i + δij , e
′′
i fj = q
aij
i fje
′′
i + δij for any i, j ∈ I.(6.3)
Recall that ci : =−aii/2 and set
e′i
(l) =


(e′i)
l if aii = 2,
(e′i)
l
{l}i!
if aii ≤ 0.
By the commutation relation (6.3), we have
e′i
(n)f
(m)
j =


n∑
k=0
q
−2nm+(n+m)k−k(k−1)/2
i
[
n
k
]
i
f
(m−k)
i e
′
i
(n−k) if i = j and aii = 2,
m∑
k=0
q
−ci(−2nm+(n+m)k−k(k−1)/2)
i
{
m
k
}
i
f
(m−k)
i e
′
i
(n−k) if i = j and aii ≤ 0,
q
−nmaij
i f
(m)
j e
′
i
(n) if i 6= j.
(6.4)
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By a similar argument in [10], one can show that there exists a unique non-
degenerate symmetric bilinear form on U−q (g) satisfying
(1, 1) = 1, (fiP,Q) = (P, e
′
iQ) for all i ∈ I.(6.5)
Let ⋆ be the anti-involution of Uq(g) defined by
e⋆i = ei, f
⋆
i = fi and (q
h)⋆ = q−h for all i ∈ I, h ∈ P ∨.
Then we have
(P ⋆, Q⋆) = (P,Q) for any P,Q ∈ U−q (g).(6.6)
We define the following operator on U−q (g) :
Pi =
∑
n≥0
(−1)nq
cin(n−1)/2
i f
(n)
i e
′
i
(n).(6.7)
Then Pi is the projection operator to Ker(e
′
i) with respect to the decomposition
U−q (g) = Ker(e
′
i)⊕ fiU
−
q (g). More precisely, we have the following result.
Proposition 6.1. For each i ∈ I, every u ∈ U−q (g) can be uniquely expressed as
u =
∑
l≥0
f
(l)
i ul,(6.8)
where e′iul = 0 for every l ≥ 0 and ul = 0 for l ≫ 0. Moreover, we have
ul = q
−cil(l−1)/2
i Pie
′
i
(l)u.
We call (6.8) the i-string decomposition of u.
Definition 6.2. For i ∈ I and u ∈ U−q (g), let u =
∑
l≥0 f
(l)
i ul be the i-string
decomposition. Then the Kashiwara operators e˜i and f˜i on U
−
q (g) are defined by
e˜i u =
∑
l≥1
f
(l−1)
i ul, f˜i u =
∑
l≥0
f
(l+1)
i ul.(6.9)
Note that the left multiplication operator fi : U
−
q (g)→ U
−
q (g) is injective. Hence
we have
e˜i ◦ f˜i = idU−q (g) .(6.10)
Definition 6.3. A crystal basis of U−q (g) is a pair (L,B), where
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(i) L is a free A0-submodule of U
−
q (g) such that U
−
q (g) ≃ Q(q)⊗A0 L,
(ii) B is a Q-basis of L/qL ≃ Q⊗A0 L,
(iii) e˜iL ⊂ L and f˜iL ⊂ L,
(iv) e˜iB ⊂ B ∪ {0} and f˜iB ⊂ B,
(v) For b, b′ ∈ B, we have f˜ib = b
′ if and only if b = e˜ib
′.
Proposition 6.4. Let (L,B) be a crystal basis of U−q (g). For i ∈ I and u ∈ L−α,
consider the i-string decomposition
u =
∑
l≥0
f
(l)
i ul with e
′
iul = 0.
Then the following statements ar true.
(a) ul ∈ L for every l ≥ 0.
(b) If u+ qL ∈ B, then there exists a non-negative integer l0 such that
(i) ul ∈ qL for every l 6= l0,
(ii) ul0 + qL ∈ B,
(iii) u ≡ f
(l0)
i ul0 mod qL.
7. Existence of Crystal Bases
In this section, we will prove the existence of crystal bases for the algebra U−q (g)
and for Uq(g)-modules in the category Oint. Assuming the existence theorem, the
uniqueness of crystal bases can be proved by the same argument as in [10] or [6,
Section 5.2].
Let λ ∈ P+ be a dominant integral weight and let V (λ) be the irreducible highest
weight Uq(g)-module with highest weight λ and highest weight vector vλ. Let L(λ)
be the A0-submodule of V (λ) generated by the vectors of the form
f˜i1 · · · f˜irvλ (r ≥ 0, i1, . . . , ir ∈ I)
and set
B(λ) : =
{
f˜i1 · · · f˜irvλ + qL(λ) ; r ≥ 0, i1, . . . , ir ∈ I
}
\ {0}
⊂ L(λ)/qL(λ).
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Similarly, we define L(∞) to be the free A0-submodule of U
−
q (g) generated by the
vectors of the form
f˜i1 · · · f˜ir · 1 (r ≥ 0, i1, . . . , ir ∈ I)
and set
B(∞) : =
{
f˜i1 · · · f˜ir · 1 + qL(∞) ; r ≥ 0, i1, . . . , ir ∈ I
}
⊂ L(∞)/qL(∞).
Our goal is to prove:
Theorem 7.1.
(a) The pair (L(λ), B(λ)) is a crystal basis of V (λ).
(b) The pair (L(∞), B(∞)) is a crystal basis of U−q (g).
It is easy to see that L(λ) has the weight space decomposition L(λ) =
⊕
µ∈P L(λ)µ,
where L(λ)µ is the A0-submodule of L(λ) generated by the vectors of the form
f˜i1 · · · f˜irvλ such that λ− (αi1 + · · ·+ αir) = µ. Similarly, B(λ) has the weight set
decomposition B(λ) =
⊔
µ∈P B(λ)µ. By the definition, we have, for α ∈ Q
+ \ {0}
L(λ)λ−α =
∑
i∈I
f˜i(L(λ)λ−α+αi) and B(λ)λ−α =
(⋃
i∈I
f˜i(B(λ)λ−α+αi)
)
\ {0}.
Since V (λ)µ =
∑
i f˜iV (λ)µ+αi , we can easily see that V (λ)
∼= Q(q)⊗A0 L(λ).
Hence in order to prove (a), it remains to prove the following statements :
(1) e˜iL(λ) ⊂ L(λ) for every i ∈ I,
(2) e˜iB(λ) ⊂ B(λ) ∪ {0} for every i ∈ I,
(3) for all i ∈ I and b, b′ ∈ B(λ), f˜ib = b
′ if and only if b = e˜ib
′,
(4) B(λ) is a Q-basis of L(λ)/qL(λ).
Similarly, to prove (b), we need to prove :
(1) e˜iL(∞) ⊂ L(∞) for every i ∈ I,
(2) e˜iB(∞) ⊂ B(∞) ∪ {0} for every i ∈ I,
(3) for all i ∈ I and b, b′ ∈ B(∞), f˜ib = b
′ if and only if b = e˜ib
′,
(4) B(∞) is a Q-basis of L(∞)/qL(∞).
We will prove these statements using an interlocking induction argument on
weights, called the grand-loop argument, employed in [10].
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For λ ∈ P+, let πλ : U
−
q (g) → V (λ) be the U
−
q (g)-module homomorphism given
by P 7→ Pvλ. For dominant integral weights λ, µ ∈ P
+, there exist unique Uq(g)-
module homomorphisms
Φλ,µ : V (λ+ µ)→ V (λ)⊗ V (µ),
Ψλ,µ : V (λ)⊗ V (µ)→ V (λ+ µ)
satisfying
Φλ,µ(vλ+µ) = vλ ⊗ vµ, Ψλ,µ(vλ ⊗ vµ) = vλ+µ.
It is clear that Ψλ,µ ◦ Φλ,µ = idV (λ+µ).
Let ( , ) denote the symmetric bilinear form on irreducible highest weight Uq(g)-
modules defined in (2.3), and let us define a symmetric bilinear form on V (λ)⊗V (µ)
by
(u1 ⊗ u2, v1 ⊗ v2) = (u1, v1)(u2, v2)(7.1)
for u1, v1 ∈ V (λ) and u2, v2 ∈ V (µ). Then this form on V (λ)⊗ V (µ) also satisfies
(qhu, v) = (u, qhv), (fiu, v) = (u, q
−1
i Kieiv), (eiu, v) = (u, qifiK
−1
i v)(7.2)
for all i ∈ I and u, v ∈ V (λ)⊗ V (µ). Moreover, we have
(Ψλ,µ(u), v) = (u,Φλ,µ(v))(7.3)
for all u ∈ V (λ)⊗ V (µ) and v ∈ V (λ+ µ).
Let r ∈ Z≥0 be a non-negative integer, and set
Q+(r) : = {α ∈ Q+ ; |α| ≤ r} .
For λ, µ ∈ P+ and α ∈ Q+(r), we will prove that the following interlocking inductive
statements are true, which would complete the proof of Theorem 7.1.
A(r) : e˜iL(λ)λ−α ⊂ L(λ) for every i ∈ I.
B(r) : e˜iB(λ)λ−α ⊂ B(λ) ∪ {0} for every i ∈ I.
C(r) : For all i ∈ I, b ∈ B(λ)λ−α+αi and b
′ ∈ B(λ)λ−α, we have
f˜ib = b
′ if and only if b = e˜ib
′.
D(r) : B(λ)λ−α is a Q-basis of L(λ)λ−α/qL(λ)λ−α.
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E(r) : Φλ,µ(L(λ+ µ)λ+µ−α) ⊂ L(λ)⊗ L(µ).
F(r) : Ψλ,µ((L(λ)⊗ L(µ))λ+µ−α) ⊂ L(λ+ µ).
G(r) : Ψλ,µ((B(λ)⊗ B(µ))λ+µ−α) ⊂ B(λ+ µ) ∪ {0}.
H(r) : e˜iL(∞)−α ⊂ L(∞) for every i ∈ I.
I(r) : e˜iB(∞)−α ⊂ B(∞) ∪ {0} for every i ∈ I.
J(r) : For all i ∈ I and b ∈ B(∞)−α, if e˜ib 6= 0, then b = f˜ie˜ib.
K(r) : B(∞)−α is a Q-basis of L(∞)−α/qL(∞)−α.
L(r) : πλ(L(∞)−α) = L(λ)λ−α.
M(r) : For any P ∈ L(∞)−α+αi , we have
f˜i(Pvλ) ≡ (f˜iP )vλ mod qL(λ).
N(r) : If πλ : (L(∞)/qL(∞))−α −→ (L(λ)/qL(λ))λ−α is the induced homo-
morphism, we have
{b ∈ B(∞)−α ; πλ(b) 6= 0}
∼
−→ B(λ)λ−α.
O(r) : If b ∈ B(∞)−α satisfies πλ(b) 6= 0, then we have e˜iπλ(b) = πλ(e˜ib).
Note that the above statements are true for r = 0 and r = 1. From now on, we
assume that r ≥ 2 and the statements A(r − 1), . . . ,O(r − 1) are true.
In the sequel, for λ ∈ P+, “λ≫ 0” means “λ(hi)≫ 0 for all i ∈ I”. For instance,
“for any P ∈ L(∞), we have Pvλ ∈ L(λ) for λ ≫ 0” is paraphrased as “for any
P ∈ L(∞), there exists a positive integer m such that Pvλ ∈ L(λ) whenever λ ∈ P
+
satisfies λ(hi) ≥ m for all i ∈ I”.
Lemma 7.2. Let α ∈ Q+(r − 1) and b ∈ B(λ)λ−α. If e˜ib = 0 for every i, then we
have α = 0 and b = vλ.
Proof. If α 6= 0, then there exist i and b′ ∈ B(λ)λ−α+αi such that b = f˜ib
′. Then
C(r − 1) implies e˜ib = b
′ 6= 0. 
Lemma 7.3. For α ∈ Q+(r − 1), let u =
∑N
n=0 f
(n)
i un ∈ V (λ)λ−α be the i-string
decomposition, where un ∈ Ker ei ∩ V (λ)λ−α+nαi.
(a) If u ∈ L(λ), then un ∈ L(λ) for every n ≥ 0.
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(b) If u + qL(λ) ∈ B(λ), then there exists a non-negative integer n0 such that
u ≡ f
(n0)
i un0 mod qL(λ) and un ∈ qL(λ) for n 6= n0.
Proof. (a) We will use the induction on N . If N = 0, there is nothing to prove. If
N > 0, A(r− 1) implies e˜iu =
∑N
n=1 f
(n−1)
i un ∈ L(λ). By the induction hypothesis,
un ∈ L(λ) for every n = 1, . . . , N . Hence u0 = u−
∑N
n=1 f˜
n
i un ∈ L(λ), which proves
(a).
(b) If N = 0, our assertion is trivial. If N > 0, by B(r−1), we have e˜iu+qL(λ) ∈
B(λ) ∪ {0}.
If e˜iu ∈ qL(λ), then (a) implies that un ∈ qL(λ) for every n ≥ 1, and u ≡ u0
mod qL(λ).
If e˜iu /∈ qL(λ), then e˜iu+qL(λ) ∈ B(λ). By the induction hypothesis, there exists
n0 ≥ 1 such that e˜iu ≡ f
(n0−1)
i un0 mod qL(λ). Hence by C(r − 1), we obtain
u ≡ f˜ie˜iu ≡ f˜if
(n0−1)
i un0 = f
(n0)
i un0 mod qL(λ).
Therefore un ∈ qL(λ) for n 6= n0 by (a). 
Lemma 7.4. For α ∈ Q+(r − 1), let u =
∑N
n=0 f
(n)
i un ∈ U
−
q (g)−α be the i-string
decomposition.
(a) If u ∈ L(∞), then un ∈ L(∞) for every n ≥ 0.
(b) If u + qL(∞) ∈ B(∞), then there exists a non-negative integer n0 such that
u ≡ f
(n0)
i un0 mod qL(∞) and un ∈ qL(∞) for n 6= n0.
Proof. The proof is similar to that of the preceding lemma. 
For α ∈ Q+(r − 1) and b ∈ B(λ)λ−α, we set εi(b) = max {n ≥ 0 ; e˜
n
i b 6= 0}. We
define
ϕi(b) =


εi(b) + 〈hi,wt(b)〉 if i ∈ I
re,
0 if i ∈ I im and 〈hi,wt(b)〉 = 0,
∞ if i ∈ I im and 〈hi,wt(b)〉 > 0.
Note that ϕi(b) = 0 implies f˜ib = 0.
Lemma 7.5. Suppose α, β ∈ Q+(r − 1) and b ∈ B(λ)λ−α, b
′ ∈ B(µ)µ−β.
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(a) For each i ∈ I, we have
f˜i(L(λ)λ−α ⊗ L(µ)µ−β) ⊂ L(λ)⊗ L(µ),
e˜i(L(λ)λ−α ⊗ L(µ)µ−β) ⊂ L(λ)⊗ L(µ).
(b) For each i ∈ I, the tensor product rule holds in (L(λ)⊗L(µ))/q(L(λ)⊗L(µ)) :
f˜i(b⊗ b
′) =

 f˜ib⊗ b
′ if ϕi(b) > εi(b
′),
b⊗ f˜ib
′ if ϕi(b) ≤ εi(b
′),
e˜i(b⊗ b
′) =

 e˜ib⊗ b
′ if ϕi(b) ≥ εi(b
′),
b⊗ e˜ib
′ if ϕi(b) < εi(b
′).
(c) For each i ∈ I, we have
f˜i(B(λ)λ−α ⊗ B(µ)µ−β) ⊂ (B(λ)⊗B(µ)) ∪ {0},
e˜i(B(λ)λ−α ⊗ B(µ)µ−β) ⊂ (B(λ)⊗ B(µ)) ∪ {0}.
(d) If e˜i(b⊗ b
′) 6= 0, then b⊗ b′ ≡ f˜ie˜i(b⊗ b
′).
(e) If e˜i(b⊗ b
′) = 0 for every i ∈ I, then b = vλ.
(f) For each i ∈ I, we have
f˜i(b⊗ vµ) ≡ f˜ib⊗ vµ or f˜ib = 0.
(g) For any sequence of indices i1, . . . , ir ∈ I, we have
f˜i1 · · · f˜ir(vλ ⊗ vµ) ≡ (f˜i1 · · · f˜irvλ)⊗ vµ mod qL(λ)⊗ L(µ)
or f˜i1 · · · f˜irvλ ∈ qL(λ).
Proof. (a) By Lemma 7.3(a), it suffices to prove the following statement : for u ∈
Ker(ei) ∩ L(λ)λ−α+nαi and v ∈ Ker(ei) ∩ L(µ)µ−β+mαi , we have
f˜i(f
(n)
i u⊗ f
(m)
i v) ∈ L(λ)⊗ L(µ).,
e˜i(f
(n)
i u⊗ f
(m)
i v) ∈ L(λ)⊗ L(µ).
Let L be the freeA0-submodule of V (λ)⊗V (µ) generated by the vectors f
(s)
i u⊗f
(t)
i v
(s, t ≥ 0). Then by the tensor product rule for Ui-modules, we have e˜iL ⊂ L
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and f˜iL ⊂ L. Hence our assertion follows immediately from the fact that L ⊂
L(λ)⊗ L(µ).
(b), (d) By Lemma 7.3(b), we may assume that b = f
(n)
i u+ qL(λ) and b
′ = f
(m)
i v+
qL(µ) with eiu = 0 and eiv = 0. Let L be the A0-submodule generated by f
(s)
i u ⊗
f
(t)
i v (s, t ≥ 0). Then by the tensor product rule for Ui-modules, our assertion holds
in L/qL. Since L ⊂ L(λ)⊗ L(µ), we are done.
The statements (c) is a simple consequence of (b).
(e) By (b), we have e˜ib = 0 and Lemma 7.2 implies the desired result.
(f) By the tensor product rule (b), we have f˜i(b ⊗ vµ) ≡ f˜ib ⊗ vµ unless ϕi(b) = 0,
in which case f˜ib = 0.
(g) This is an immediate consequence of (f). 
Proposition 7.6 (E(r)). For every α ∈ Q+(r), we have
Φλ,µ(L(λ+ µ)λ+µ−α) ⊂ L(λ)⊗ L(µ).
Proof. Recall that L(λ+µ)λ+µ−α =
∑
i f˜iL(λ+µ)λ+µ−α+αi . By E(r−1) and Lemma
7.5(a), we obtain the desired result. 
Lemma 7.7. Let i1, . . . , ir be a sequence of indices in I. Suppose that it 6= it+1 =
· · · = ir for a positive integer t < r. Then for any dominant integral weight µ ∈ P
+
and λ = Λit, we have
f˜i1 · · · f˜ir(vλ ⊗ vµ) ≡ b⊗ b
′ mod qL(λ)⊗ L(µ)
for some b ∈ B(λ)λ−α ∪ {0}, b
′ ∈ B(µ)µ−β ∪ {0} and α, β ∈ Q+(r − 1) \ {0}.
Proof. Since Λit(hir) = 0, we have firvλ = 0. Hence we get
fir(vλ ⊗ v) = (fir ⊗ 1 +Kir ⊗ fir)(vλ ⊗ v) = vλ ⊗ fiv
for every v ∈ V (µ), which gives
f˜it+1 · · · f˜ir(vλ ⊗ vµ) = f
(r−t)
ir
(vλ ⊗ vµ) = vλ ⊗ f
(r−t)
ir
vµ.
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Since eit(vλ ⊗ f
(r−t)
ir vµ) = 0, we have
f˜it · · · f˜ir(vλ ⊗ vµ) = f˜it(vλ ⊗ f
(r−t)
ir vµ) = fit(vλ ⊗ f
(r−t)
ir vµ)
= (fit ⊗ 1 +Kit ⊗ fit)(vλ ⊗ f
(r−t)
ir
vµ)
= fitvλ ⊗ f
(r−t)
ir vµ + q
λ(hit )
it vλ ⊗ fitf
(r−t)
ir vµ
= f˜itvλ ⊗ f˜
r−t
ir
vµ + qitvλ ⊗ f˜it f˜
r−t
ir
vµ
≡ f˜itvλ ⊗ f˜
r−t
ir
vµ mod qL(λ)⊗ L(µ).
Hence Lemma 7.5(b) yields our assertion. 
Lemma 7.8. For every α ∈ Q+(r), we have
(L(λ)⊗ L(µ))λ+µ−α =
∑
i
f˜i(L(λ)⊗ L(µ))λ+µ−α+αi + vλ ⊗ L(µ)µ−α.
Proof. Let L be the left-hand side and L′ be the right-hand side of the above equa-
tion. We already know L′ ⊂ L by Lemma 7.5(a). By Lemma 7.5(e), for any
β ∈ Q+(r− 1) \ {0} and b⊗ b
′ ∈ B(λ)λ−β ⊗B(µ)µ−α+β, there exists i ∈ I such that
e˜i(b⊗ b
′) 6= 0. By Lemma 7.5(d), we have
b⊗ b′ ≡ f˜ie˜i(b⊗ b
′) mod qL(λ)⊗ L(µ).
Hence L(λ)λ−β ⊗ L(µ)µ−α+β ⊂ L
′ + qL, and we obtain
L = L(λ)λ−α ⊗ vµ +
∑
β∈Q+(r−1)\{0}
L(λ)λ−β ⊗ L(µ)µ−α+β + vλ ⊗ L(µ)µ−α
⊂ L(λ)λ−α ⊗ vµ + L
′ + qL.
Note that for any f˜i1 · · · f˜irvλ ∈ B(λ)λ−α, Lemma 7.5(f) yields
(f˜i1 · · · f˜irvλ)⊗ vµ ≡ f˜i1 f˜i2 · · · f˜ir(vλ ⊗ vµ) mod qL(λ)⊗ L(µ).
It follows that L(λ)λ−α⊗vµ ⊂ L
′+ qL and hence L ⊂ L′+ qL. Then by Nakayama’s
Lemma, we conclude that L = L′. 
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For λ, µ ∈ P+, define a linear map Sλ,µ : V (λ)⊗ V (µ)→ V (λ) by
Sλ,µ(u⊗ vµ) = u for every u ∈ V (λ),
Sλ,µ
(
V (λ)⊗
∑
i
fiV (µ)
)
= 0.
(7.4)
Note that Sλ,µ is a U
−
q (g)-module homomorphism.
Lemma 7.9.
(a) For all λ, µ ∈ P+, we have Sλ,µ(L(λ)⊗ L(µ)) = L(λ).
(b) For all α ∈ Q+(r − 1) and w ∈ (L(λ)⊗ L(µ))λ+µ−α, we have
Sλ,µ ◦ f˜i(w) ≡ f˜i ◦ Sλ,µ(w) mod qL(λ).
Proof. (a) is obvious.
(b) By Lemma 7.3, we may assume that w = f
(n)
i u⊗ f
(m)
i v with u ∈ L(λ), v ∈ L(µ)
and eiu = eiv = 0. Let L be the A0-submodule generated by f
(s)
i u⊗ f
(t)
i v (s, t ≥ 0).
Then the tensor product rule for Ui-modules yields
f˜iw ≡ f
(n+1)
i u⊗ f
(m)
i v or f
(n)
i u⊗ f
(m+1)
i v mod qL.
Observe that Sλ,µ(f˜iw) ≡ f˜i(Sλ,µw) ≡ 0 mod qL unless m = 0 and v ∈ L(µ)µ =
A0vµ. If m = 0 and v = vµ, then we have
f˜iw = f˜i(f
(n)
i u⊗ vµ) ≡

f
(n+1)
i u⊗ vµ mod qL if f
(n+1)
i u 6= 0,
f
(n)
i u⊗ fivµ mod qL if f
(n+1)
i u = 0.
In both cases, we have Sλ,µ(f˜iw) ≡ f
(n+1)
i u = f˜if
(n)
i u = f˜iSλ,µ(w) mod qL(λ). 
Lemma 7.10. Let α ∈ Q+(r) and m ∈ Z≥0. Then there exists a positive integer N
satisfying the following properties: if λ ∈ P+ and u ∈ V (λ)λ−α satisfies q
−1
i Kieiu ∈
qNL(λ), then we have
(a) f˜mi u ≡ f
(m)
i u mod qL(λ),
(b) e˜if
(m)
i u ≡ f
(m−1)
i u mod qL(λ) if i ∈ I
re and m ≤ 〈hi, λ − α〉 or if i ∈ I
im
and λ(hi) > 0.
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Proof. Let u =
∑r
n=0 f
(n)
i un be the i-string decomposition of u. Then we have
q−1i Kieiu =
r∑
n=1
q−1i Kieif
(n)
i un
with q−1i Kieif
(n)
i un ∈ f
(n−1)
i (Ker ei). Hence Lemma 7.3 implies that q
−1
i Kieif
(n)
i un ∈
qNL(λ) for n ≥ 1. By (4.6), we have f
(n−1)
i un ∈ A0
(
q−1i Kieif
(n)
i un
)
for n ≥ 1. We
then conclude un ∈ q
NL(λ) for n ≥ 1 by Lemma 7.3.
Hence if N ≫ 0, the elements f
(m)
i f
(n)
i un, f
(m−1)
i f
(n)
i un, f
(m+n)
i un belong to qL(λ)
for n ≥ 1, which implies
f˜mi u =
r∑
n=0
f
(n+m)
i un ≡ f
(m)
i u0 mod qL(λ)
and
f
(m)
i u =
r∑
n=0
f
(m)
i f
(n)
i un ≡ f
(m)
i u0 mod qL(λ).
Hence we obtain f˜mi u ≡ f
(m)
i u. Similarly, we have f˜
m−1
i u = f
(m−1)
i u ≡ f
(m−1)
i u0.
On the other hand, we have f
(m)
i u =
∑r
n=0 anf
(m+n)
i un, where an is a q-binomial
coefficient or 1 according as i is real or imaginary. Since anf
(n+m−1)
i un ∈ anq
NL(λ) ⊂
qL(λ) for n ≥ 1 and N ≫ 0, (4.4) yields
e˜if
(m)
i u =
∑
f
(m+n)
i un 6=0
anf
(n+m−1)
i un
≡

f
(m−1)
i u0 if f
(m)
i u0 6= 0 mod qL(λ),
0 if f
(m)
i u0 = 0 mod qL(λ).
However, by the conditions in (b), f
(m)
i u0 = 0 implies u0 = 0. Therefore we conclude
e˜if
(m)
i u ≡ f
(m−1)
i u0 ≡ f
(m−1)
i u mod qL(λ). 
Lemma 7.11. Let α ∈ Q+(r) and P ∈ U
−
q (g)−α. Then for every λ≫ 0, we have
(f˜iP )vλ ≡ f˜i(Pvλ) mod qL(λ),(e˜iP )vλ ≡ e˜i(Pvλ) mod qL(λ).
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Proof. We may assume that P = f
(n)
i Q with e
′
iQ = 0. Then
q−1i Kiei(Quλ) = (1− q
2
i )
−1(e′iQ−K
2
i e
′′
iQ)uλ
= −(1 − q2i )
−1q
2〈hi,λ+αi+wt(Q)〉
i (e
′′
iQ)uλ
Hence by the preceding lemma, we have for λ≫ 0
f˜i(f
(n)
i Qvλ) ≡ f
(n+1)
i Qvλ and e˜i(f
(n)
i Qvλ) ≡ f
(n−1)
i Qvλ.

Proposition 7.12 (M(r)). For any λ ∈ P+, α ∈ Q+(r − 1) and P ∈ L(∞)−α, we
have
(f˜iP )vλ ≡ f˜i(Pvλ) mod qL(λ).
In particular, we have (f˜i1 · · · f˜ir · 1)vλ ≡ f˜i1 · · · f˜irvλ mod qL(λ).
Proof. Take µ≫ 0. Since λ+ µ≫ 0, Lemma 7.11 yields
(f˜iP )vλ+µ ≡ f˜i(Pvλ+µ) mod qL(λ+ µ).
By Proposition 7.6, applying Φλ,µ gives
(f˜iP )(vλ ⊗ vµ) ≡ f˜i(P (vλ ⊗ vµ)) mod qL(λ)⊗ L(µ).(7.5)
On the other hand, we have
P (vλ ⊗ vµ) = Φλ,µ(Pvλ+µ) ∈ L(λ)⊗ L(µ)
by L(r − 1) and E(r − 1). Applying Sλ,µ to (7.5), Lemma 7.9 implies
(f˜iP )vλ ≡ f˜i(Pvλ) mod qL(λ),
as desired. 
Proposition 7.13 (L(r)). For any λ ∈ P+ and α ∈ Q+(r), we have
πλ(L(∞)−α) = L(λ)λ−α.
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Proof. By Proposition 7.12, we have
πλ(f˜i1 · · · f˜ir · 1) ≡ f˜i1 · · · f˜irvλ mod qL(λ).
It follows that
πλ(L(∞)−α) ⊂ L(λ)λ−α and L(λ)λ−α ⊂ πλ(L(∞)−α) + qL(λ)λ−α.
Now the desired result follows from Nakayama’s Lemma. 
Corollary 7.14. Let πλ : (L(∞)/qL(∞))−α −→ (L(λ)/qL(λ))λ−α be the surjective
Q-linear map induced by πλ.
(a) For β ∈ Q+(r − 1) and b ∈ B(∞)−β, we have
πλ(f˜ib) = f˜iπλ(b).
(b) For α ∈ Q+(r) and λ ∈ P
+, we have
(πλB(∞)−α) \ {0} = B(λ)λ−α.
(c) Given α ∈ Q+(r), take λ≫ 0. Then πλ induces the isomorphisms
L(∞)−α
∼
−→ L(λ)λ−α, B(∞)−α \ {0}
∼
−→ B(λ)λ−α.
Proof. (a) is an immediate consequence of Proposition 7.12, and (b) follows from (a).
Finally, (c) follows from the fact that πλ : U
−
q (g)−α → V (λ)λ−α is an isomorphism
for λ≫ 0. 
Now we will prove the statements A(r) and H(r). Fix λ ∈ P+, i ∈ I and
α = αi1 + · · ·+ αir ∈ Q+(r). Let T be a finite subset of P
+ containing λ and the
fundamental weights Λi1, . . . ,Λir . Since T is a finite set, we can take a sufficiently
large N1 ≥ 0 such that
e˜iL(µ)µ−α ⊂ q
−N1L(µ) for every µ ∈ T.
Let N2 ≥ 0 be a non-negative integer such that
e˜iL(∞)−α ⊂ q
−N2L(∞).
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Then for every µ≫ 0, by Lemma 7.11 and Proposition 7.13, we have
e˜iL(µ)µ−α = e˜i(L(∞)−αvµ) ⊂ (e˜iL(∞)−α)vµ + qL(µ)µ−α
⊂ q−N2L(∞)−αvµ + qL(µ)µ−α ⊂ q
−N2L(µ).
Therefore, given α ∈ Q+(r), there exists a non-negative integer N ≥ 0 such that
e˜iL(µ)µ−α ⊂ q
−NL(µ) for every µ≫ 0,
e˜iL(τ)τ−α ⊂ q
−NL(τ) for every τ ∈ T,
e˜iL(∞)−α ⊂ q
−NL(∞).
(7.6)
Lemma 7.15. Given α ∈ Q+(r), let N ≥ 0 be a non-negative integer satisfying
(7.6). Then for every µ≫ 0 and τ ∈ T , we have
e˜i
(
(L(τ)⊗ L(µ))τ+µ−α
)
⊂ q−N(L(τ)⊗ L(µ)).
Proof. For u ∈ L(τ)τ−β and v ∈ L(µ)µ−γ with α = β + γ, let us show e˜i(u ⊗ v) ∈
q−N(L(τ) ⊗ L(µ)). If β 6= 0 and γ 6= 0, we already proved our assertion in Lemma
7.5(a).
If β = 0, then γ = α and we may assume u = vτ . Let v =
∑
m f
(m)
i vm with
eivm = 0 be the i-string decomposition of v. By (7.6), we have
e˜iv =
∑
m≥1
f
(m−1)
i vm ∈ q
−NL(µ).
Lemma 7.3 implies that vm ∈ q
−NL(µ) for every m ≥ 1. Let L be the A0-submodule
generated by the vectors f
(s)
i vτ ⊗ f
(t)
i vm (s, t ≥ 0, m ≥ 1). Then we have e˜iL ⊂ L.
It follows that
e˜i(vτ ⊗ v) =
∑
m≥1
e˜i(vτ ⊗ f
(m)
i vm) ∈ L ⊂ q
−NL(τ)⊗ L(µ).
If β = α and γ = 0, a similar argument yields e˜i(u⊗ vµ) ∈ q
−NL(τ)⊗ L(µ). 
Lemma 7.16. Given α ∈ Q+(r), let N ≥ 1 be a positive integer satisfying (7.6).
Then we have
(a) e˜iL(µ)µ−α ⊂ q
−N+1L(µ) for all µ≫ 0,
(b) e˜iL(τ)τ−α ⊂ q
−N+1L(τ) for every τ ∈ T ,
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(c) e˜iL(∞)−α ⊂ q
−N+1L(∞).
Proof. (a) Let u = f˜i1 · · · f˜irvµ ∈ L(µ)µ−α. Suppose i1 = · · · = ir. If i = i1, then
e˜iu = e˜if
(r)
i vµ = f
(r−1)
i vµ ∈ L(µ), and if i 6= i1, e˜iu = 0. Hence we may assume that
there exists a positive integer t < r such that it 6= it+1 = · · · = ir.
Suppose µ≫ 0 and set λ0 = Λit , µ
′ = µ− λ0 ≫ 0. By Lemma 7.7, we have
w : = f˜i1 · · · f˜ir(vλ0 ⊗ vµ′) ≡ v ⊗ v
′ mod qL(λ0)⊗ L(µ
′)
for some v ∈ L(λ0)λ0−β , v
′ ∈ L(µ′)µ′−γ, β, γ ∈ Q+(r − 1) \ {0}, α = β + γ. Hence
Lemma 7.5(a) and Lemma 7.15 yield
e˜iw ∈ L(λ0)⊗ L(µ
′) + qe˜i(L(λ0)⊗ L(µ
′))λ0+µ′−α
⊂ L(λ0)⊗ L(µ
′) + q−N+1L(λ0)⊗ L(µ
′) = q−N+1L(λ0)⊗ L(µ
′).
Namely, we have
e˜iw ∈ q
−N+1(L(λ0)⊗ L(µ
′))λ0+µ′−α+αi .
Therefore, applying Ψλ0,µ′ , the statement F(r − 1) yields
e˜iu = e˜if˜i1 · · · f˜irvµ ∈ q
−N+1L(µ).
(b) Let τ ∈ T and u = f˜i1 · · · f˜irvτ ∈ L(τ)τ−α. If u ∈ qL(τ), then our assertion
follows immediately from (7.6). If u /∈ qL(τ), then for any µ ∈ P+, Lemma 7.5(g)
gives
f˜i1 · · · f˜ir(vτ ⊗ vµ) ≡ u⊗ vµ mod qL(τ)⊗ L(µ).(7.7)
If µ≫ 0, then (a) implies
e˜if˜i1 · · · f˜irvτ+µ ∈ q
−N+1L(τ + µ).
Applying Φτ,µ, the statement E(r − 1) gives
e˜if˜i1 · · · f˜ir(vτ ⊗ vµ) ∈ q
−N+1L(τ)⊗ L(µ).
Along with (7.7), Lemma 7.15 yields
e˜i(u⊗ vµ) ∈ q
−N+1L(τ)⊗ L(µ) + qe˜i(L(τ)⊗ L(µ))
⊂ q−N+1L(τ)⊗ L(µ).
(7.8)
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Let u =
∑
m≥0
f
(m)
i um be the i-string decomposition of u. Then e˜iu =
∑
m≥1
f
(m−1)
i um ∈
q−NL(τ) implies that um ∈ q
−NL(τ) for m ≥ 1. Let L be the A0-submodule
generated by f
(s)
i vm ⊗ f
(t)
i vµ (s, t ≥ 0, m ≥ 1). Then L ⊂ q
−NL(τ) ⊗ L(µ) and by
the tensor product rule for Ui-modules, we obtain
e˜i(u⊗ vµ) =
∑
m≥1
e˜i(f
(m)
i um ⊗ vµ)
≡
∑
m≥1
f
(m−1)
i um ⊗ vµ = e˜iu⊗ vµ mod qL.
Hence we have e˜i(u ⊗ vµ) ≡ e˜iu ⊗ vµ mod q
1−NL(τ) ⊗ L(µ). Together with (7.8),
we obtain e˜iu ⊗ vµ ∈ q
−N+1L(τ) ⊗ L(µ), which implies the desired result e˜iu ∈
q−N+1L(τ).
(c) Let P ∈ L(∞)−α and take µ≫ 0. By Lemma 7.11, we have
(e˜iP )vµ ≡ e˜i(Pvµ) mod qL(µ).
By Proposition 7.13, we get
e˜i(Pvµ) ∈ e˜iL(µ)µ−α ⊂ q
−N+1L(µ),
which implies (e˜iP )vµ ∈ q
−N+1L(µ). Hence by Corollary 7.14 (c), we obtain e˜iP ∈
q−N+1L(∞). 
Proposition 7.17 (A(r), H(r)). For all λ ∈ P+ and α ∈ Q+(r), we have
e˜iL(∞)−α ⊂ L(∞), e˜iL(λ)λ−α ⊂ L(λ).
Proof. By applying Lemma 7.16 repeatedly, we conclude that N = 0, and our as-
sertion follows immediately. 
Corollary 7.18. For α ∈ Q+(r), B(∞)−α does not contain 0.
Proof. For b ∈ B(∞)−α, there exists i ∈ I and b
′ ∈ B(∞)−α+αi such that b = f˜ib
′.
Then b′ = e˜ib does not vanish by K(r − 1), and hence b 6= 0. 
Lemma 7.19. For α ∈ Q+(r), i ∈ I, λ≫ 0 and b ∈ B(∞)−α, we have
πλ(e˜ib) = e˜iπλ(b).
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Proof. This follows immediately from Lemma 7.11. 
Since Lemma 7.5 depends only on A(r − 1), we have:
Corollary 7.20. Let λ, µ ∈ P+ and α, β ∈ Q+(r).
(a) If u =
∑
n≥0 f
(n)
i un ∈ L(λ)λ−α is the i-string decomposition of u, then un ∈
L(λ) for every n ≥ 0.
(b) For each i ∈ I, we have
f˜i(L(λ)λ−α ⊗ L(µ)µ−β) ⊂ L(λ)⊗ L(µ),
e˜i(L(λ)λ−α ⊗ L(µ)µ−β) ⊂ L(λ)⊗ L(µ).
In order to prove the statements B(r) and O(r), we first prove:
Lemma 7.21. Let λ, µ ∈ P+ and α ∈ Q+(r). Then for every u ∈ L(λ)λ−α, we
have
e˜i(u⊗ vµ) ≡ (e˜iu)⊗ vµ mod qL(λ)⊗ L(µ).
Proof. By Corollary 7.20(a), we may assume u = f
(n)
i w 6= 0 with eiw = 0 and
w ∈ L(λ)λ−α+nαi . Let L be the A0-submodule generated by f
(s)
i w⊗f
(t)
i vµ (s, t ≥ 0).
Then the tensor product rule for Ui-modules gives
e˜i(f
(n)
i w ⊗ vµ) ≡ f
(n−1)
i w ⊗ vµ mod qL.
Our assertion immediately follows from L ⊂ L(λ)⊗ L(µ). 
Proposition 7.22 (I(r)). For every α ∈ Q+(r), we have
e˜iB(∞)−α ⊂ B(∞) ∪ {0}.
Proof. Let P = f˜i1 · · · f˜ir · 1 ∈ L(∞)−α and b = f˜i1 · · · f˜ir · 1 + qL(∞) ∈ B(∞)−α. If
i1 = · · · = ir, our assertion is true as we have seen in the proof of Lemma 7.16 (a).
Hence we may assume that there exists a positive integer t < r such that it 6=
it+1 = · · · = ir. Take µ≫ 0 and set λ0 = Λit , λ = λ0 + µ. Then Lemma 7.7 yields
f˜i1 · · · f˜ir(vλ0 ⊗ vµ) ≡ v ⊗ v
′ mod qL(λ0)⊗ L(µ)
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for some v ∈ L(λ0)λ0−β, v
′ ∈ L(µ)µ−γ and β, γ ∈ Q+(r − 1) \ {0} with α = β + γ
such that v + qL(λ0) ∈ B(λ0) ∪ {0} and v
′ + qL(µ) ∈ B(µ) ∪ {0}. Then the tensor
product rule for Ui-modules gives
e˜if˜i1 · · · f˜ir(vλ0 ⊗ vµ) ≡ e˜i(v ⊗ v
′)
≡ e˜iv ⊗ v
′ or v ⊗ e˜iv
′ mod qL(λ0)⊗ L(µ).
By B(r − 1), we have
e˜if˜i1 · · · f˜ir(vλ0 ⊗ vµ) + qL(λ0)⊗ L(µ) ∈ (B(λ0)⊗ B(µ)) ∪ {0}.
Hence, by applying Ψλ0,µ, the statement G(r − 1) gives
e˜iπλ(b) = e˜if˜i1 · · · f˜irvλ + qL(λ) ∈ B(λ) ∪ {0}.
Therefore, by Lemma 7.19 and Corollary 7.14(c), we conclude e˜ib = e˜if˜i1 · · · f˜ir · 1 ∈
B(∞) ∪ {0}. 
Proposition 7.23 (O(r)). Let λ ∈ P+ and α ∈ Q+(r). If b ∈ B(∞)−α satisfies
πλ(b) 6= 0, then we have e˜iπλ(b) = πλ(e˜ib).
Proof. Let P = f˜i1 · · · f˜ir · 1 ∈ L(∞)−α, b = f˜i1 · · · f˜ir · 1 + qL(∞) ∈ B(∞)−α and
u = f˜i1 · · · f˜irvλ. Then by Proposition 7.12, we have u ≡ Pvλ mod qL(λ).
Since πλ(b) 6= 0, we have u /∈ qL(λ). Observe that for any µ ∈ P
+, Lemma 7.5(g)
gives
f˜i1 · · · f˜ir(vλ ⊗ vµ) ≡ u⊗ vµ mod qL(λ)⊗ L(µ).
Hence by Lemma 7.21,
e˜if˜i1 · · · f˜ir(vλ ⊗ vµ) ≡ e˜iu⊗ vµ mod qL(λ)⊗ L(µ).(7.9)
On the other hand, for any µ≫ 0, Lemma 7.19 yields
e˜i(f˜i1 · · · f˜irvλ+µ) ≡ e˜i(Pvλ+µ) ≡ (e˜iP )vλ+µ mod qL(λ+ µ).
Applying Φλ,µ, Proposition 7.6 yields
e˜i(f˜i1 · · · f˜ir(vλ ⊗ vµ)) ≡ (e˜iP )(vλ ⊗ vµ) mod qL(λ)⊗ L(µ).
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Together with (7.9), we obtain
e˜iu⊗ vµ ≡ (e˜iP )(vλ ⊗ vµ) mod qL(λ)⊗ L(µ).
Therefore, by applying Sλ,µ, we conclude e˜iu ≡ (e˜iP )vλ, which gives
e˜iπλ(b) = πλ(e˜ib),
as claimed. 
Proposition 7.24 (B(r)). For every λ ∈ P+ and α ∈ Q+(r), we have
e˜iB(λ)λ−α ⊂ B(λ) ∪ {0}.
Proof. Our assertion is an immediate consequence of Proposition 7.23, Corollary
7.14(b) and Proposition 7.22. 
To prove the remaining inductive statements, we use the symmetric form on V (λ).
Since the situation is special when aii = 0, we shall introduce the operator Qi on
V (λ) by
Qi(f
(n)
i u) =

(n+ 1)f
(n)
i u if aii = 0,
f
(n)
i u otherwise
(7.10)
for u ∈ Ker ei so that Qi = idV (λ) when aii 6= 0.
Lemma 7.25. Let λ ∈ P+ be a dominant integral weight and let ( , ) be the
symmetric bilinear form on V (λ) given by (2.3). Then we have
(L(λ)λ−α, L(λ)λ−α) ⊂ A0
for every α ∈ Q+(r). Moreover, we have
(f˜iu, v) ≡ (u,Qie˜iv) mod qA0(7.11)
for every α ∈ Q+(r), u ∈ L(λ)λ−α+αi and v ∈ L(λ)λ−α.
Proof. We shall argue by the induction on |α|. By Corollary 7.20 (a), it is enough
to show (7.11) for u = f
(n)
i u0 6= 0, v = f
(m)
i v0 6= 0 with u0 ∈ Ker ei ∩ L(λ) and
v0 ∈ Ker ei ∩ L(µ).
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Set a = 〈hi,wt(v0)〉. If a = 0 or m = 0, then the assertion is trivial. Assume that
a > 0 and m > 0. Then we have
(f˜iu, v) = (f
(n+1)
i u0, f
(m)
i v0) = a(f
(n)
i u0, q
−1
i Kieif
(m)
i v0).
Here, a = [n+ 1]−1i or 1 according as aii = 2 or aii ≤ 0. By (4.6), we have
aq−1i Kieif
(m)
i v0 ∈

(1 + qA0)f
(m−1)
i v0 if aii 6= 0,
m(1 + qA0)f
(m−1)
i v0 if aii = 0.
Hence we have (f˜iu, v) ∈ (1+ qA0)(u,Qie˜iv). By the induction hypothesis, we have
(u,Qie˜iv) ∈ A0, and we are done. 
Lemma 7.26. Let α =
∑r
k=1 αik ∈ Q+, P , Q ∈ U
−
q (g)−α and m ∈ Z. Then for
λ≫ 0, we have
(P,Q) ≡
r∏
k=1
(1− q2ik)
−1(Pvλ, Qvλ) mod q
mA0.
Proof. If P = 1, our assertion is clear. We shall argue by the induction on the height
r of α. We may assume P = fiR. Then we have
(fiRvλ, Qvλ) = (Rvλ, q
−1
i KieiQvλ)
=
(
Rvλ, q
−1
i Ki
(
Qei +
K−1i (e
′
iQ)−Ki(e
′′
iQ)
q−1i − qi
)
vλ
)
=
(
Rvλ,
(e′iQ)vλ −K
2
i (e
′′
iQ)vλ
1− q2i
)
=
(
Rvλ,
(e′iQ)vλ − q
2〈hi,λ−α+αi〉
i (e
′′
iQ)vλ
1− q2i
)
= (1− q2i )
−1(Rvλ, (e
′
iQ)vλ)− q
2〈hi,λ−α+αi〉
i (1− q
2
i )
−1(Rvλ, (e
′′
iQ)vλ),
≡ (1− q2i )
−1(R, e′iQ) = (1− q
2
i )
−1(fiR,Q) mod q
mA0
by the induction hypothesis. 
For a finitely generated A0-submodule L of V (λ)λ−α, we set
L∨ : = {u ∈ V (λ)λ−α ; (u, L) ⊂ A0} .
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Then we have (L∨)∨ = L. Similarly, we define L∨ for a finitely generated A0-
submodule L of U−q (g)−α.
Lemma 7.27. If λ≫ 0, then for any α ∈ Q+(r) we have πλ(L(∞)
∨
−α) = L(λ)
∨
λ−α.
Proof. Let {Pk} be an A0-basis of L(∞)−α, and {Qk} the dual basis: (Pk, Qj) = δkj.
Then L(∞)∨−α =
∑
jA0Qj . By Proposition 7.13, we have L(λ)λ−α =
∑
kA0Pkvλ.
By Lemma 7.26, we have (Pkvλ, Qjvλ) ≡ δkj mod qA0 for λ ≫ 0. Hence we
conclude
L(λ)∨λ−α =
∑
j
A0Qjvλ = πλ(L(∞)
∨
−α) for λ≫ 0.

In the following lemma, we will prove a special case of F(r).
Lemma 7.28. Let µ≫ 0 and α ∈ Q+(r). If λ ∈ P
+, then we have
Ψλ,µ((L(λ)⊗ L(µ))λ+µ−α) ⊂ L(λ+ µ)λ+µ−α.
Proof. Recall that Lemma 7.8 gives
(L(λ)⊗ L(µ))λ+µ−α =
∑
i
f˜i((L(λ)⊗ L(µ))λ+µ−α+αi) + vλ ⊗ L(µ)µ−α.
By the induction hypothesis F(r − 1), we have
Ψλ,µ(
∑
i
f˜i(L(λ)⊗ L(µ))λ+µ−α+αi) =
∑
i
f˜iΨλ,µ((L(λ)⊗ L(µ))λ+µ−α+αi)
⊂
∑
i
f˜iL(λ+ µ)λ+µ−α+αi = L(λ+ µ)λ+µ−α.
Thus it remains to show
Ψλ,µ(vλ ⊗ L(µ)µ−α) ⊂ L(λ + µ)λ+µ−α.
For u ∈ L(λ + µ)∨λ+µ−α, by Lemma 7.27, we can write u = Pvλ+µ for some P ∈
L(∞)∨−α. Observe that
∆(P ) = P ⊗ 1 + (intermediate terms) +Kα ⊗ P,
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which yields
(Φλ,µ(u), vλ ⊗ L(µ)µ−α) = (∆(P )(vλ ⊗ vµ), vλ ⊗ L(µ)µ−α)
= (Pvλ ⊗ vµ + · · ·+Kαvλ ⊗ Pvµ, vλ ⊗ L(µ)µ−α)
= q(α|λ)(Pvµ, L(µ)µ−α).
Since µ≫ 0, Lemma 7.27 implies that Pvµ ∈ L(µ)
∨. Thus we have
(u,Ψλ,µ(vλ ⊗ L(µ)µ−α)) = (Φλ,µ(u), vλ ⊗ L(µ)µ−α)
= q(α|λ)(Pvµ, L(µ)µ−α) ⊂ A0.
Hence, we have
Ψλ,µ(vλ ⊗ L(µ)µ−α) ⊂ L(λ + µ)
∨∨
λ+µ−α = L(λ + µ)λ+µ−α,
which completes the proof. 
Proposition 7.29 (J(r)). Suppose α ∈ Q+(r) and b ∈ B(∞)−α. If e˜ib 6= 0, then
we have b = f˜ie˜ib.
Proof. Let b = f˜i1 · · · f˜ir · 1 ∈ B(∞)−α and suppose e˜ib = b
′ 6= 0. If i1 = · · · = ir,
then e˜ib
′ 6= 0 implies that i1 = · · · = ir = i, and our assertion follows immediately.
If there exists a positive integer t < r such that it 6= it+1 = · · · = ir, take µ ≫ 0
and set λ0 = Λit , λ = λ0 + µ. Then Lemma 7.7 yields
f˜i1 · · · f˜ir(vλ0 ⊗ vµ) ≡ v ⊗ v
′ mod qL(λ0)⊗ L(µ)
for some v ∈ L(λ0)λ0−β and v
′ ∈ L(µ)µ−γ and β, γ ∈ Q+(r− 1) \ {0} with α = β+ γ
such that v+ qL(λ0) ∈ B(λ0)∪{0} and v
′+ qL(µ) ∈ B(µ)∪{0}. By Corollary 7.20
(b), we have
e˜if˜i1 · · · f˜ir(vλ0 ⊗ vµ) ≡ e˜i(v ⊗ v
′) mod qL(λ0)⊗ L(µ).
Applying Ψλ0,µ, G(r − 1) yields
πλ(e˜if˜i1 · · · f˜ir · 1) = e˜if˜i1 · · · f˜irvλ0+µ ≡ Ψλ0,µ
(
e˜i(v ⊗ v
′)
)
mod qL(λ).
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Thus e˜i(v ⊗ v
′) /∈ qL(λ0)⊗ L(µ), and Lemma 7.5 (d) gives
f˜i1 · · · f˜ir(vλ0 ⊗ vµ) ≡ v ⊗ v
′ ≡ f˜ie˜i(v ⊗ v
′)
≡ f˜ie˜if˜i1 · · · f˜ir(vλ0 ⊗ vµ) mod qL(λ0)⊗ L(µ).
Hence, by applying Ψλ0,µ, Lemma 7.28 gives
f˜i1 · · · f˜irvλ ≡ f˜ie˜if˜i1 · · · f˜irvλ mod qL(λ).
Therefore by Lemma 7.11 and Corollary 7.14 (c), we have b ≡ f˜ie˜ib mod qL(∞). 
Proposition 7.30 (C(r)). Suppose α ∈ Q+(r) and λ ∈ P
+. Then for every i ∈ I,
b ∈ B(λ)λ−α+αi and b
′ ∈ B(λ)λ−α, we have f˜ib = b
′ if and only if b = e˜ib
′.
Proof. (=⇒) Let f˜ib = b
′ ∈ B(λ)λ−α. Since b ∈ B(λ)λ−α+αi , by Lemma 7.3(b),
there exists n ≥ 0 such that b ≡ f
(n)
i u with eiu = 0. Hence b
′ ≡ f
(n+1)
i u and
e˜ib
′ ≡ f
(n)
i u ≡ b.
(⇐=) Let b′ ∈ B(λ)λ−α and b = e˜ib
′ ∈ B(λ) Then we have b′ = πλ(b
′′) for some
b′′ ∈ L(∞)−α by Corollary 7.14(b). By Proposition 7.23, we have
πλ(e˜ib
′′) = e˜iπλ(b
′′) = e˜ib
′ 6= 0.
Hence we have e˜ib
′′ 6= 0 and Proposition 7.29 yields b′′ = f˜ie˜ib
′′. By applying πλ, we
obtain
f˜ie˜ib
′ = f˜iπλ(e˜ib
′′) = πλ(f˜ie˜ib
′′) = πλ(b
′′) = b′,
as claimed. 
Proposition 7.31 (D(r), K(r)). Let α ∈ Q+(r).
(a) For λ ∈ P+, B(λ)λ−α is a Q-basis of L(λ)λ−α/qL(λ)λ−α.
(b) B(∞)−α is a Q-basis of L(∞)−α/qL(∞)−α.
Proof. We will prove (a) only. The proof of (b) is similar.
Suppose that we have a Q-linear dependence relation∑
b∈B(λ)λ−α
abb = 0 with ab ∈ Q.
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Since e˜iB(λ)λ−α ⊂ B(λ) ∪ {0} for every i ∈ I, we get
0 = e˜i
( ∑
b∈B(λ)λ−α
abb
)
=
∑
b∈B(λ)λ−α ,
e˜ib6=0
ab(e˜ib).
ByD(r−1) andC(r), the family {e˜ib ; b ∈ B(λ)λ−α, e˜ib 6= 0} is linearly independent
over Q. Therefore ab = 0 whenever e˜ib 6= 0.
But for each b ∈ B(λ)λ−α, there exists i ∈ I such that e˜ib 6= 0. Hence ab = 0 for
every b ∈ B(λ)λ−α, which completes the proof. 
Lemma 7.32. Let λ ∈ P+ and α ∈ Q+(r) \ {0}.
(a) If u ∈ L(λ)λ−α/qL(λ)λ−α satisfies e˜iu = 0 for every i ∈ I, then u = 0.
(b) If u ∈ V (λ)λ−α satisfies e˜iu ∈ L(λ) for every i ∈ I, then u ∈ L(λ).
(c) If u ∈ L(∞)−α/qL(∞)−α satisfies e˜iu = 0 for every i ∈ I, then u = 0.
(d) If u ∈ U−q (g)−α satisfies e˜iu ∈ L(∞) for every i ∈ I, then u ∈ L(∞).
Proof. (a) Write u =
∑
b∈B(λ)λ−α
abb with ab ∈ Q. Then for every i ∈ I, we have∑
e˜ib6=0
ab(e˜ib) = 0.
By the same argument as in the proof of Proposition 7.31, all ab vanish, which
implies u = 0.
(b) Choose the smallest N ≥ 0 such that qNu ∈ L(λ). If N > 0, then e˜i(q
Nu) =
qN e˜iu ∈ qL(λ) for every i ∈ I. Hence, by (a), we would have q
Nu ∈ qL(λ); that
is, qN−1u ∈ L(λ), a contradiction to the minimality of N . Therefore N = 0 and
u ∈ L(λ).
The proofs of (c) and (d) are similar. 
Proposition 7.33 (F(r)). For every λ, µ ∈ P+, we have
Ψλ,µ((L(λ)⊗ L(µ))λ+µ−α) ⊂ L(λ+ µ).
Proof. We may assume that α 6= 0. By Corollary 7.20(b), we have
e˜i((L(λ)⊗ L(µ))λ+µ−α) ⊂ (L(λ)⊗ L(µ))λ+µ−α+αi
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for every i ∈ I. Then by applying Ψλ,µ, the statement F(r − 1) yields
e˜iΨλ,µ((L(λ)⊗ L(µ))λ+µ−α) ⊂ Ψλ,µ((L(λ)⊗ L(µ))λ+µ−α+αi) ⊂ L(λ+ µ)
for every i ∈ I. Hence our assertion follows from Lemma 7.32(b). 
Proposition 7.34 (N(r)). For all α ∈ Q+(r) and λ ∈ P
+, we have
{b ∈ B(∞)−α ; πλ(b) 6= 0}
∼
−→ B(λ)λ−α.
Proof. We may assume α 6= 0. We already know πλB(∞)−α \ {0} = B(λ)λ−α.
Hence it remains to prove that, for b, b′ ∈ B(∞)−α, πλ(b) = πλ(b
′) 6= 0 implies
b = b′. Choose i ∈ I such that e˜iπλb 6= 0. By Proposition 7.23, we have
πλ(e˜ib) = πλ(e˜ib
′) 6= 0.
Then by the induction hypothesis N(r − 1) and Proposition 7.24, we have e˜ib =
e˜ib
′ 6= 0. Hence Proposition 7.29 yields b = b′. 
So far, we have proved all the statements except G(r). Using these statements,
we can prove that Lemma 7.5 holds for all α ∈ Q+(r). In particular, we have
Lemma 7.35.
(a) For all i ∈ I, λ, µ ∈ P+ and α ∈ Q+(r), we have
e˜i(B(λ)⊗ B(µ))µ−α ⊂ (B(λ)⊗B(µ)) ∪ {0}.
(b) If b⊗ b′ ∈ (B(λ)⊗ B(µ))µ−α and e˜i(b⊗ b
′) 6= 0, then
b⊗ b′ ≡ f˜ie˜i(b⊗ b
′).
Finally, we complete the grand-loop argument by proving the statement G(r).
Proposition 7.36 (G(r)). For all i ∈ I, λ, µ ∈ P+ and α ∈ Q+(r), we have
Ψλ,µ((B(λ)⊗ B(µ))λ+µ−α) ⊂ B(λ+ µ) ∪ {0}.
Proof. We may assume α 6= 0. Let b ⊗ b′ ∈ (B(λ) ⊗ B(µ))λ+µ−α. If e˜i(b ⊗ b
′) = 0
for every i ∈ I, then e˜iΨλ,µ(b ⊗ b
′) = 0 for every i ∈ I, and Lemma 7.32 implies
Ψλ,µ(b⊗ b
′) = 0.
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If e˜i(b⊗ b
′) 6= 0 for some i ∈ I, then by Lemma 7.35 and G(r − 1), we have
Ψλ,µ(b⊗ b
′) ≡ Ψλ,µ(f˜ie˜i(b⊗ b
′)) ≡ f˜iΨλ,µ(e˜i(b⊗ b
′))
∈ f˜i(B(λ+ µ) ∪ {0}) ⊂ B(λ+ µ) ∪ {0}.

Thus the proof of Theorem 7.1 is completed.
Let ( , )0 be the Q-valued symmetric bilinear form on L(λ)/qL(λ) given by taking
the crystal limit of ( , ) on L(λ). Then we have:
Corollary 7.37. Let V (λ) be the irreducible highest weight Uq(g)-module with high-
est weight λ ∈ P+ and let (L(λ), B(λ)) be the crystal basis of V (λ).
(a) The crystal B(λ) forms an orthogonal basis of L(λ)/qL(λ) with respect to
( , )0, and (b, b)0 ∈ Z>0 for every b ∈ B(λ). In particular, ( , )0 is positive
definite on L(λ)/qL(λ).
(b) We have
L(λ) = {u ∈ V (λ) ; (u, L(λ)) ⊂ A0}
= {u ∈ V (λ) ; (u, u) ∈ A0} .
Proof. (a) We will prove (b, b′)0 ∈ δb,b′Z>0 for all b, b
′ ∈ B(λ)λ−α, α ∈ Q+(r) by
induction on |α|. If |α| = 0, our assertion is trivial.
If |α| > 0, choose i ∈ I such that e˜ib 6= 0. Then by Theorem 7.1 and Proposition
7.30, we have
(b, b′)0 = (f˜ie˜ib, b
′)0 = (e˜ib, Qie˜ib
′)0 ∈ Z>0(e˜ib, e˜ib
′)0 ⊂ δe˜ib,e˜ib′Z>0 = δb,b′Z>0,
which completes the proof.
(b) Let
L1 = {u ∈ V (λ) ; (u, L(λ)) ⊂ A0} ,
L2 = {u ∈ V (λ) ; (u, u) ∈ A0} .
It is clear that L(λ) ⊂ L1 and L(λ) ⊂ L2. Let u ∈ V (λ) be such that (u, L(λ)) ⊂ A0.
Take the smallest n ≥ 0 such that qnu ∈ L(λ). If n > 0, then (qnu, L(λ)) ≡ 0
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mod qA0. Since ( , )0 is non-degenerate, q
nu ≡ 0 mod qL(λ); that is qn−1u ∈ L(λ),
which contradicts the minimality of n. Hence n = 0 and u ∈ L(λ), which proves
L1 ⊂ L(λ).
Similarly, let u ∈ V (λ) be such that (u, u) ∈ A0. Take the smallest n ≥ 0 such
that qnu ∈ L(λ). If n > 0, then (qnu, qnu) = q2n(u, u) ∈ qA0. Since ( , )0 is
positive definite, we obtain qnu ≡ 0 mod qL(λ), a contradiction. Hence n = 0 and
u ∈ L(λ), which proves L2 ⊂ L(λ). 
Remark 7.38. If aii 6= 0 for every i ∈ I, then B(λ) is an orthonormal basis of
L(λ)/qL(λ).
The following lemma immediately follows from the preceding proposition and
Lemma 7.26.
Lemma 7.39.
(a) (L(∞), L(∞)) ⊂ A0.
(b) Let ( , )0 be the Q-valued inner product on L(∞)/qL(∞) induced by taking
the crystal limit of ( , ) on L(∞). Then B(∞) is an orthogonal basis of
L(∞)/qL(∞). In particular, ( , )0 is positive definite on L(∞)/qL(∞).
(c) We have
L(∞) =
{
P ∈ U−q (g) ; (u, L(∞)) ⊂ A0
}
=
{
u ∈ U−q (g) ; (u, u) ∈ A0
}
.
Corollary 7.40. For every P ∈ L(∞), we have P ⋆ ∈ L(∞).
Proof. Let P ∈ L(∞). Then by Lemma 7.39 (a) and (6.6), we have (P ⋆, P ⋆) =
(P, P ) ∈ A0. Therefore, by Lemma 7.39 (c), we have P
⋆ ∈ L(∞). 
8. Balanced Triple
In the following three sections, we will globalize the theory of crystal bases. Recall
that A0 is the subring of Q(q) consisting of rational functions in q that are regular
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at q = 0. Similarly, let A∞ be the subring of Q(q) consisting of rational functions
in q that are regular at q =∞. Thus we have
A0/qA0
∼
−→ Q and A∞/q
−1A∞
∼
−→ Q
by evaluation at q = 0 and q =∞, respectively. Finally, we denote byA = Q[q, q−1],
the ring of Laurent polynomials in q.
For a subring A of Q(q) and a vector space V over Q(q), an A-lattice is, by
definition, a free A-module of V generating V as a vector space over Q(q). Assume
that
V is a vector space over Q(q), and V A, L0 and L∞ are an A-lattice,
an A0-lattice and an A∞-lattice of V , respectively.
(8.1)
Note that (V A ∩ L0)/(V
A ∩ qL0)→ L0/qL0 is an isomorphism.
Definition 8.1. Set E = V A ∩ L0 ∩ L∞. Then a triple (V
A, L0, L∞) is called a
balanced triple for V if the canonical homomorphisms A⊗ E → V A, A0 ⊗ E → L0
and A∞ ⊗ E → L∞ are isomorphisms.
Theorem 8.2. Let V , V A, L0 and L∞ be as in (8.1). Set E = V
A∩L0∩L∞. Then
the following statements are equivalent.
(a) (V A, L0, L∞) is a balanced triple.
(b) The canonical map E → L0/qL0 is an isomorphism.
(c) The canonical map E → L∞/q
−1L∞ is an isomorphism.
Let (V A, L0, L∞) be a balanced triple for a Q(q)-vector space V , and let
G : L0/qL0 −→ E : =V
A ∩ L0 ∩ L∞
be the inverse of the canonical isomorphism E
∼
−→ L0/qL0. If B is a Q-basis of
L0/qL0, then G(B) : = {G(b) ; b ∈ B} is a Q-basis of E. Therefore G(B) is a Q(q)-
basis of V , an A-basis of V A, an A0-basis of L0 and an A∞-basis of L∞ as well.
Definition 8.3. We call G(B) the global basis of V corresponding to the local basis
B of V at q = 0.
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Our goal is to construct the global basis G(λ) of V (λ) (resp. G(∞) of U−q (g))
corresponding to the local basis B(λ) of V (λ) (resp. B(∞) of U−q (g)) at q = 0. For
this purpose, we need the following lemma which is proved in [10].
Lemma 8.4 ([10]). Let V , V A, L0 and L∞ be as in (8.1). Let F be a Q-vector
subspace of V A ∩ L0 ∩ L∞ satisfying the following conditions:
(a) the canonical maps F −→ L0/qL0 and F −→ L∞/q
−1L∞ are injective.
(b) V A = AF .
Then (V A, L0, L∞) is a balanced triple and F = V
A ∩ L0 ∩ L∞.
9. Global Bases
Let U0A(g) be the A-subalgebra of Uq(g) generated by q
h,
∏m
k=1
1− qk · qh
1− qk
(h ∈
P ∨, m ∈ Z>0). We denote by U
+
A(g) (resp. U
−
A(g)) the A-subalgebra of Uq(g)
generated by e
(n)
i (resp. f
(n)
i ) for i ∈ I, n ∈ Z≥0. Let UA(g) be the A-subalgebra of
Uq(g) generated by U
0
A(g), U
+
A(g) and U
−
A(g).
Then we can show that
UA(g) ≃ U
−
A(g)⊗ U
0
A(g)⊗ U
+
A(g).(9.1)
Let V (λ) be the irreducible highest weight Uq(g)-module with highest weight
λ ∈ P+ and highest weight vector vλ, and let
V (λ)A = UA(g)vλ = U
−
A(g)vλ.
Consider the Q-algebra automorphism − : Uq(g)→ Uq(g) defined by
q 7→ q−1, qh 7→ q−h, ei 7→ ei, fi 7→ fi(9.2)
for h ∈ P ∨ and i ∈ I. Then we get a Q-linear automorphism − on V (λ) defined by
Pvλ 7→ Pvλ for P ∈ Uq(g).(9.3)
Our goal is to prove the following theorem.
Theorem 9.1.
(a) (U−A(g), L(∞), L(∞)
−) is a balanced triple for U−q (g).
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(b) (V (λ)A, L(λ), L(λ)−) is a balanced triple for V (λ).
Once we have Theorem 9.1, the canonical maps
U−A(g) ∩ L(∞) ∩ L(∞)
− −→ L(∞)/qL(∞),
V (λ)A ∩ L(λ) ∩ L(λ)− −→ L(λ)/qL(λ)
are isomorphisms. As in Section 8, let
G∞ : L(∞)/qL(∞) −→ U
−
A(g) ∩ L(∞) ∩ L(∞)
−,
Gλ : L(λ)/qL(λ) −→ V (λ)
A ∩ L(λ) ∩ L(λ)−
be the inverses of the isomorphisms above, and set
G(∞) = {G∞(b) ; b ∈ B(∞)} , G(λ) = {Gλ(b) ; b ∈ B(λ)} .(9.4)
Then we have:
Theorem 9.2.
(a) G(∞) (resp. G(λ)) is an A-basis of UA(g) (resp. V (λ)
A).
(b) G(∞) (resp. G(λ)) is an A0-basis of L(∞) (resp. L(λ)).
(c) G(∞) (resp. G(λ)) is a Q(q)-basis of U−q (g) (resp. V (λ)).
(d) G(∞) (resp. G(λ)) is a Q[q]-basis of U−A(g) ∩ L(∞) (resp. V (λ)
A ∩ L(λ)).
Proof. These are immediate consequences of the definition of a balanced triple. 
Moreover, we have
Theorem 9.3.
(a) For b ∈ B(∞), G∞(b) is a unique element of U
−
A(g) ∩ L(∞) such that
G∞(b) ≡ b mod qL(∞), G∞(b) = G∞(b).
(b) For b ∈ B(λ), Gλ(b) is a unique element of V (λ)
A ∩ L(λ) such that
Gλ(b) ≡ b mod qL(λ), Gλ(b) = Gλ(b).
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Proof. The proof of (a) being similar, we will prove only (b). By the definition of
Gλ, it is clear that Gλ(b) ≡ b mod qL(λ). Set
v =
Gλ(b)−Gλ(b)
q − q−1
.
Clearly, Gλ(b) and Gλ(b) are contained in E : =V (λ)
A∩L(λ)∩L(λ)−. Write Gλ(b) =∑
j cj(q)Pjvλ, where cj(q) ∈ A and Pj is a monomial in f
(n)
i ’s (i ∈ I, n ∈ Z>0).
Then we have Gλ(b) =
∑
j cj(q
−1)Pjvλ, from which it follows that
v : =
Gλ(b)−Gλ(b)
q − q−1
=
∑
j
cj(q)− cj(q
−1)
q − q−1
Pjvλ ∈ V (λ)
A.
Since
1
q − q−1
=
q
q2 − 1
∈ qA0 ∩ A∞, we have v ∈ qL(λ) ∩ L(λ)
−. Thus v is
mapped to 0 under the canonical isomorphism E → L(λ)/qL(λ), which implies
v = 0. Therefore we get Gλ(b) = Gλ(b).
Finally, suppose that u ∈ V (λ)A ∩ L(λ) satisfies
u ≡ b mod qL(λ) and u = u.
Then u ∈ E : =V (λ)A ∩L(λ)∩L(λ)−. Since the canonical map E → L(λ)/qL(λ) is
an isomorphism, we must have u = Gλ(b). 
Definition 9.4. We call G(∞) (resp. G(λ)) the global basis of U−q (g) (resp. V (λ)).
10. Existence of Global Bases
In this section, we will prove Theorem 9.1. For i ∈ I and n ≥ 1, define
(fni U
−
q (g))
A = fni U
−
q (g) ∩ U
−
A(g), (f
n
i V (λ))
A = (fni U
−
q (g))
AV (λ).
Then (fni V (λ))
A is an A-lattice of fni V (λ).
Lemma 10.1. Fix i ∈ I. Let u ∈ U−q (g) and consider the i-string decomposition
u =
∑
l≥0 f
(l)
i ul with e
′
iul = 0 for every l ≥ 0. If u ∈ U
−
A(g), then ul ∈ U
−
A(g) for
every l ≥ 0.
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Proof. We first claim that
e′i
(n)U−A(g) ⊂ U
−
A(g).(10.1)
Indeed, the commutation relation (6.4) implies that
{
Q ∈ U−q (g) ; e
′
i
(n)Q ∈ U−q (g)
A
for every n ≥ 0
}
is stable under the left multiplication by any f
(m)
j (j ∈ I,m ≥ 0).
Hence the projection operator Pi introduced in (6.7) satisfies PiU
−
A(g) ⊂ U
−
A(g).
Then Proposition 6.1 implies that all ul belong to U
−
A(g). 
Then as an immediate consequence of Lemma 10.1, we have:
Lemma 10.2.
(a) (fni U
−
q (g))
A : = fni U
−
q (g) ∩ U
−
A(g) =
∑
l≥n f
(l)
i U
−
A(g).
(b) (fni V (λ))
A : =(fni U
−
q (g))
AV (λ) =
∑
l≥n f
(l)
i V (λ)
A.
In order to prove Theorem 9.1, we shall show the following statements by the
induction on r.
X(r) : For every α ∈ Q+(r), the triple (U
−
A(g)−α, L(∞)−α, L(∞)
−
−α) is bal-
anced.
Y(r) : For all λ ∈ P+ and α ∈ Q+(r), the triple (V (λ)λ−α, L(λ)λ−α, L(λ)
−
λ−α)
is balanced.
Z(r) : For every α ∈ Q+(r) and λ ∈ P
+, let
Gλ : L(λ)λ−α/qL(λ)λ−α −→ V (λ)
A
λ−α ∩ L(λ) ∩ L(λ)
−
be the inverse of the canonical isomorphism
V (λ)Aλ−α ∩ L(λ) ∩ L(λ)
− ∼−→ L(λ)λ−α/qL(λ)λ−α
guaranteed by Y(r). Then for any b ∈ B(λ)λ−α ∩ f˜
n
i B(λ) with n ≥ 0,
we have Gλ(b) ∈ (f
n
i V (λ))
A.
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If r = 0, these assertions are obvious. Suppose r > 0 and assume that the
statements X(r − 1), Y(r − 1) and Z(r − 1) are true. Then we can define
G∞ : L(∞)−β/qL(∞)−β
∼
−→ U−A(g)−β ∩ L(∞) ∩ L(∞)
−,
Gλ : L(λ)λ−β/qL(λ)λ−β
∼
−→ V (λ)Aλ−β ∩ L(λ) ∩ L(λ)
−
for β ∈ Q+(r − 1). Thus we have:
Lemma 10.3. For all λ ∈ P+ and β ∈ Q+(r − 1), we have
(a) U−A(g)−β =
⊕
b∈B(∞)−β
AG∞(b),
V (λ)Aλ−β =
⊕
b∈B(λ)λ−β
AGλ(b),
(b) G∞(b) = G∞(b) for every b ∈ B(∞)−β,
Gλ(b) = Gλ(b) for every b ∈ B(λ)λ−β,
(c) G∞(b)vλ = Gλ(πλ(b)) for every b ∈ B(∞)−β.
The following proposition will play a crucial role in proving the statement X(r)
and Y(r).
Proposition 10.4. Let i ∈ I, α ∈ Q+(r). Then for any n ≥ 1, the triple(
(fni V (λ))
A
λ−α, f
n
i V (λ) ∩ L(λ)λ−α, f
n
i V (λ) ∩ L(λ)
−
λ−α
)
is balanced.
Remark 10.5. By Proposition 4.9, we have(
fni V (λ) ∩ L(λ)λ−α
)
/
(
fni V (λ) ∩ qL(λ)λ−α
)
≃
⊕
b∈B(λ)λ−α∩f˜
n
i B(λ)
Qb.
Proof. If aii = 2, our assertion can be proved as in [10]. Hence we assume that
aii ≤ 0. In this case, we have
(fni V (λ))
A
λ−α =
∑
l≥n
f li
(
V (λ)Aλ−α+lαi
)
= fni
(
V (λ)Aλ−α+nαi
)
.
We will use the descending induction on n. Note that if n > r, then (fni V (λ))λ−α =
0, and our assertion is trivial. Assume that our assertion is true for n+ 1. Set
V An = (f
n
i V (λ))
A
λ−α, Ln = f
n
i V (λ) ∩ L(λ)λ−α and En = V
A
n ∩ Ln ∩ L
−
n .
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If 〈hi, λ − α + nαi〉 = 0, then f
n
i
(
V (λ)λ−α+nαi
)
= 0, and our assertion is trivial.
Hence we may assume that 〈hi, λ−α+nαi〉 > 0, in which case, f˜
n
i : B(λ)λ−α+nαi →
B(λ)λ−α is injective.
Since n ≥ 1, Lemma 10.3(a) gives V (λ)Aλ−α+nαi =
⊕
b∈B(λ)λ−α+nαi
AGλ(b) and
hence we have
Vn =
∑
b∈B(λ)λ−α+nαi
Afni Gλ(b).
If b ∈ B(λ)λ−α+nαi satisfies e˜ib 6= 0, then Z(r−1) implies that Gλ(b) ∈ (fiV (λ))
A =
fiV (λ)
A, which yields
fni Gλ(b) ∈ V
A
n+1 : =(f
n+1
i V (λ))
A
λ−α.
Set B0 : = {b ∈ B(λ)λ−α+nαi ; e˜ib = 0} and F0 : =
∑
b∈B0
Qfni Gλ(b). Then we get
V An = AF0 + V
A
n+1.(10.2)
Note that
fni Gλ(b) ∈ En, f
n
i Gλ(b) ≡ f˜
n
i b mod qL(λ) for every b ∈ B0.
Set F = F0+En+1. Then F ⊂ En, and V
A
n+1 = AEn+1 by the induction hypothesis.
Hence (10.2) implies V An = AF .
Consider the morphism
F → Ln/qLn ≃
(⊕
b∈B0
Qf˜ni b
)
⊕ (Ln+1/qLn+1).
Since F0 → ⊕b∈B0Qf˜
n
i b and En+1 → Ln+1/qLn+1 are isomorphisms, F → Ln/qLn is
an isomorphism. Similarly, F → (Ln)
−/q−1(Ln)
− is an isomorphism. Hence Lemma
8.4 implies the desired result. 
Corollary 10.6. For every i ∈ I, α ∈ Q+(r) and n ≥ 1, we have the following
canonical isomorphism :
(fni U
−
q (g))
A
−α ∩ L(∞) ∩ L(∞)
− ∼−→
(fni U
−
q (g))
A
−α ∩ L(∞)
(fni U
−
q (g))
A
−α ∩ qL(∞)
≃
⊕
b∈B(∞)−α∩f˜ni B(∞)
Qb.
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Proof. It suffices to observe that, for λ≫ 0, we have
U−q (g)−α
∼
−→ V (λ)λ−α, (f
n
i U
−
q (g))
A
−α
∼
−→ (fni V (λ))
A
λ−α,
L(∞)−α
∼
−→ L(λ)λ−α, L(∞)
−
−α
∼
−→ L(λ)−λ−α,⊕
b∈B(∞)−α∩f˜ni B(∞)
Qb
∼
−→
⊕
b∈B(λ)λ−α∩f˜
n
i B(λ)
Qb.

For α ∈ Q+(r), let
Gi :
⊕
b∈B(∞)−α∩f˜iB(∞)
Qb −→ (fiU
−
q (g))
A
−α ∩ L(∞) ∩ L(∞)
−
be the inverse of the canonical isomorphism given in Corollary 10.6 (with n = 1).
Then we have
(fiU
−
q (g))
A
−α =
⊕
b∈B(∞)−α∩f˜iB(∞)
AGi(b).
Now we will prove:
Lemma 10.7. For i, j ∈ I, α ∈ Q+(r) and b ∈ B(∞)−α ∩ f˜iB(∞) ∩ f˜jB(∞), we
have
Gi(b) = Gj(b).
Proof. Let b = f˜i · · · f˜k · 1 ∈ B(∞)−α ∩ f˜iB(∞) ∩ f˜jB(∞). Take λ ∈ P
+ such that
λ(hk) = 0 and λ(hp) ≫ 0 for p ∈ I \ {k}. Since fkvλ = 0, we get πλ(b) = 0, which
implies
Gi(b)vλ ≡ 0 mod qL(λ).
That is, Gi(b)vλ ∈ (fiV (λ))
A
λ−α ∩ qL(λ) ∩ L(λ)
−.
By Proposition 10.4, we must have Gi(b)vλ = 0 in V (λ). Note that
V (λ)λ−α ≃ U
−
q (g)−α/
(
U−q (g)−α+αk
fk +
∑
p∈Ire\{k}
U−q (g)−α+(λ(hp)+1)αi
f (λ(hp)+1)p
)
≃ U−q (g)−α/U
−
q (g)−α+αk
fk
58 K. JEONG, S.-J. KANG, M. KASHIWARA
as a U−q (g)-module. It follows that Gi(b) ∈ U
−
q (g)fk ∩ U
−
A(g). By applying the
anti-automorphism ⋆ on Gi(b), we have
Gi(b)
⋆ ∈ fkU
−
q (g) ∩ U
−
A(g) = (fkUq(g))
A.
Moreover, by Corollary 7.40, we have Gi(b)
⋆ ∈ (fkU
−
q (g))
A
−α ∩ L(∞) ∩ L(∞)
−.
Similarly, Gj(b) satisfies Gj(b)
⋆ ∈ (fkU
−
q (g))
A ∩ L(∞) ∩ L(∞)−. Since Gi(b) ≡
Gj(b) ≡ b mod qL(∞), we have Gi(b)
⋆ ≡ Gj(b)
⋆ mod qL(∞). Hence, Corollary
10.6 implies Gi(b)
⋆ = Gj(b)
⋆, which yields Gi(b) = Gj(b) as desired. 
Let b ∈ B(∞)−α with α ∈ Q+(r). Since r ≥ 1, we have e˜ib 6= 0 for some i ∈ I;
that is, b ∈ B(∞)−α ∩ f˜iB(∞) for some i ∈ I. By Lemma 10.7, we may define a
map
G∞ : L(∞)−α/qL(∞)−α −→ U
−
q (g)
A
−α
∩ L(∞) ∩ L(∞)−
by G∞(b) = Gi(b) for any i with e˜ib 6= 0. By the definition, we have
G∞(b) ≡ b mod qL(∞),
(fni U
−
q (g))
A
−α =
⊕
b∈B(∞)−α∩f˜ni B(∞)
AG∞(b) for n ≥ 1.
(10.3)
Set F =
∑
b∈B(∞)−α
QG∞(b) ⊂ U
−
q (g)
A
−α
∩ L(∞) ∩ L(∞)−. Since U−A(g)−α =∑
i(fiU
−
q (g))
A
−α, we obtain
U−A(g)−α = AF.
Moreover, the canonical maps
F → L(∞)−α/qL(∞)−α and F → L(∞)
−
−α/q
−1L(∞)−−α
are bijective. Therefore, by Lemma 8.4, we conclude X(r).
Let us prove Y(r). Note that for all α ∈ Q+(r), b ∈ B(∞)−α and λ ∈ P
+, if
πλ(b) = 0, then G∞(b)vλ = 0. Indeed, let i ∈ I be such that e˜ib 6= 0. Then we have
G∞(b)vλ ∈ (fiV (λ))
A
λ−α ∩ qL(λ) ∩ L(λ)
−,
and by Proposition 10.4, we obtain G∞(b)vλ = 0.
Set F : =
∑
b∈B(∞)−α
πλ(b)6=0
QG∞(b)vλ ⊂ V (λ)
A
λ−α∩L(λ)∩L(λ)
−. Then we have V (λ)Aλ−α =
AF . By Proposition 7.34, the homomorphisms F → L(λ)λ−α/qL(λ)λ−α and F →
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L(λ)−λ−α/q
−1L(λ)−λ−α are isomorphisms. Therefore, by Lemma 8.4, we obtain the
statement Y(r).
Finally, the statement Z(r) follows from Proposition 10.4, which completes the
proof.
Remark 10.8.
(i) We have G∞(b)vλ = Gλ(πλ(b)) for any λ ∈ P
+ and b ∈ B(∞).
(ii) If i ∈ I im, we have
Gλ(f˜
n
i b) = f
n
i Gλ(b) for every b ∈ B(λ) and n ∈ Z≥0.
(iii) We have
(fni V (λ))
A = fni V (λ) ∩ V (λ)
A.
Indeed, {Gλ(b)}b∈f˜ni B(λ) is an A-basis of (f
n
i V (λ))
A, and hence it is also a
Q(q)-basis of fni V (λ).
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